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1 Introduction and Discussion 


The study of BPS correlators in A/” = 2 supersymmetric gauge theories reveals to be a rich source 
of results in various branches of modern mathematical physics, ranging from classical [1, 2, 3] 
and quantum [4] integrable systems to topological invariants [5, 6 , 7]. In this paper we use 
exact results in supersymmetric gauge theories to highlight new connections between quantum 
cohomology of algebraic varieties [ 8 ] and quantum integrable systems, focusing on Nakajima’s 
quiver varieties [9]. These have a manifold interest, since they host representations of inhnite 
dimensional Lie algebrae of Kac-Moody type; moreover, they naturally describe moduli spaces 
of Yang-Mills instantons on ALE spaces [10] and are linked to free [11, 12, 13] and interacting 
[14, 15, 16, 17] two-dimensional conformal held theories. This rehects in the special nature 
of the corresponding quantum integrable systems, which reveal to be of hydrodynamical type, 
namely admitting an inhnite complete set of quantum Hamiltonians in involution. The vev of 
BPS local operators in the gauge theory on the H-background captures the spectrum of these 
Hamiltonians [18, 19, 20]. The prototypical example for six-dimensional gauge theories is the 
quantum glj^ Intermediate Long Wave system [21, 22] associated to the equivariant quantum 
cohomology of the ADHM quiver variety [19, 23, 24, 20]. In the four dimensional limit this 
reduces to the correspondence between instanton counting and Benjamin-Ono quantum system 
discussed in [25, 26]. Our considerations are based on the intriguing interplay taking place 
between the description of supersymmetric vacua of D-brane systems and quiver representation 
theory [27]. The superstring background hosting the D-brane system hxes the quiver type, 
while the D-branes dimensions select the abelian category where the quiver representation is 
realized. We analyse in detail the D1-D5 system on ALE spaces and show that it provides a 
description of the equivariant quantum cohomology of the associated Nakajima’s quiver varietes 
and links it to quantum spin Calogero and spin Intermediate Long Wave integrable systems. 
More precisely, we study the supersymmetric gauged linear sigma model (GLSM) on which 
describes the low-energy Dl-branes dynamics by calculating its exact partition function. In 
the Higgs phase, this model flows in the infrared to a non-linear sigma model with target space 
the Nakajima’s quiver variety, naturally describing its equivariant quantum cohomology. An 
equivalent description of the gauged linear sigma model can be obtained in the Coulomb phase, 
giving rise to a Landau-Ginzburg model whose twisted superpotential is the Yang-Yang function 
[28] of a quantum integrable system which we identify with spin Intermediate Long Wave 
system [29]. The Bethe Ansatz Equation are provided by the general quiver gauge theory in 
terms of its adjacency matrix which reduces to the Gartan matrix if ei = 62 . Once the BAE 
are formulated in these terms, they naturally extend to the affine ADE general case. 

Thus the equivariant quantum cohomo logy/quantum integrable system correspondence is 
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realized as an incarnation of mirror symmetry for non-ahelian GLSMs. 

The gauge theories we consider are obtained as low energy theories of D-branes conhgura- 
tions. The generic D-brane set up we consider is realized in the ten dimensional target space 
(C^/T) X (9pi(— 2) X C where T is the ADE discrete group dehning the ALE space as the quo¬ 
tient C^/T, (C^/T) is its minimal resolution and (9pi(—2) is the total space of the canonical 
bundle over P^. We place N D5-branes on (C^/T) x P^ and k Dl-branes on P^ and consider the 
resulting quiver GLSM. It corresponds to the affine quiver f, where the nodes are representing 
the GLSM input data corresponding to the dynamics on the common P^. Notice that, if T is 
trivial, then the resulting quiver gauge theory is the ADHM quiver. The resulting affine quiver 
has indeed a natural interpretation from the string theory point of view in that it keeps into 
account all the different low energy open string sectors. 

In section 2 we review the 3“^ partition function and explain the quantum cohomology/quantum 
hydrodynamics mirror symmetry in a general set-up. We then focus on the ADHM quiver whose 
Higgs phase is described in section 3 along with the description of its associated quantum coho¬ 
mology problem in the non linear sigma model, while its Goulomb phase is described in section 
4 along with its quantum hydrodynamical associated model. The generalization to ALE quiver 
gauge theories is explained in section 5, where we consider Ap_i and Dp quivers and the re¬ 
spective mirror phases. In particular in subsection 5.3 we discuss the Bethe Ansatz equations 
for quantum spin gljsr ILW arising from the LG model and the connection with quantum spin 
Galogero model. Let us hnally present some open issues. 

• D1-D5 systems are naturally related to Donaldson-Thomas (DT) invariants. In particular, 
for the ADHM quiver, our results directly link to the ones obtained by Diaconescu [30] for 
non abelian local DT invariants on x P^. Therefore it would be useful to explore the 
relevance of our results for the computation of non abelian DT invariants on (C^/T) x P^. 

• We did not consider quivers, although it would be interesting to analyse this class of 
models too. 

• The extension of our computations to the presence of gauge theory defects - as surface 
operators - along the way of [31] could pave the way to further applications of supersym¬ 
metric gauge theories to the quantization of integrable systems. For example, this could 
provide explicit expressions for the quantum ILW eigenfunctions and the corresponding 
quantum Hamiltonians. 

• In the context of the AGT correspondence it was shown [25] that the basis of Virasoro 
descendants reproducing instanton counting on has the special property of diagonal¬ 
izing the Benjamin-Ono quantum Hamiltonians. Our results point towards an analogous 
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connection between spin gl^ Benjamin-Ono quantum Hamiltonians and parafermionic 
WAT-algebras that would be interesting to further explore. 

• Finally, it would be interesting to understand how far the above correspondence goes in 
using quiver gauge theories to describe the quantization of integrable models of hydrody- 
namical type. 


2 Gauged Linear Sigma Models on S‘^: generalities 

Since in this paper we will be working with supersymmetric A/” = (2,2) gauge theories on 
in this section we review the main points concerning localization on an euclidean two-sphere of 
radius r along the lines of [32, 33], to which we refer for further details. After briefly reviewing 
the computation of the partition function Zs^ for these theories, we will discuss how Zs^ is 
related to Givental’s approach to genus zero Gromov-Witten theory for Kahler manifolds when 
we consider the Higgs branch of the theory. On the other hand, the Goulomb branch has strong 
connections to quantum integrable systems via the so-called Bethe/Gauge correspondence; in 
the last subsection we will discuss the meaning of the partition function in that context. 

2.1 J\f = (2,2) gauge theories on 3“^ 

The two-sphere 8“^ is a conformally flat space; it does not admit Killing spinors, but it admits 
four complex conformal Killing spinors, which realize the 05p(2|2, C) superconformal algebra on 
S'^. We take as Af = (2, 2) supersymmetry algebra on the subalgebra 5u(2|l) C 05p(2|2, C), 
realized by two out of the four conformal Killing spinors, which does not contain conformal nor 
superconformal transformations; its bosonic subalgebra 5u(2) © u(l)i{ C 5u(2|l) generates the 
isometries of and an abelian vector R-symmetry, which is now part of the algebra and not 
an outer automorphism of it. 

The basic multiplets (i.e. representations of the supersymmetry algebra) of two-dimensional 
Af = (2, 2) supersymmetry are vector and chiral multiplets, which arise by dimensional reduc¬ 
tion of four dimensional Af = 1 vector and chiral multiplets. In detail 

vector multiplet : (A^, a, rj, A, A, D) 

_ _ ( 2 . 1 ) 
chiral multiplet : (0, 0, 'A, R, F) 

with (A, A, iIj, 'A) two component complex Dirac spinors, (a, rj, D) real scalar fields and (0, 0, F, F) 
complex scalar helds. In two dimensions there also exist twisted chiral multiplets, whose matter 
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content is the same as a chiral multiplet, but they satisfy different constraints: 

twisted chiral multiplet : (Y, Y, x, X, G, G) (2.2) 

The superheld strength 

E = {a - iri,X,X,D - iFu) (2.3) 

i.e. the supermultiplet containing the field strength is a particular case of twisted chiral multi¬ 
plet. 

The theories we are interested in are A/” = (2, 2) gauged linear sigma models (GLSM) on 
S'^] these are made out of chiral and vector multiplets only, with canonical kinetic term for the 
helds. A GLSM is specihed by the choice of the gauge group G, the representation R of G 
for the matter fields, and the matter interactions contained in the superpotential fT(<h), which 
is an R-charge 2 gauge-invariant holomorphic function of the chiral multiplets 
If the gauge group admits an abelian term, we can also add a Fayet-Iliopoulos term ^ and 
theta-angle 6. 


The most general renormalizable JY = (2,2) Lagrangian density of a GLSM on 3“^ can be 
written down as 

G Gvec T -^chiral T T Gpj 


where 


1 


9^ 


V 




1 


/:.ec=^Tr - +x{D+- +-D^aD>^a + -D^r^D>^r^ 


r / 

- + ^h'"Df,X + ^Xa, X] + ^hsivA] 


, , g(2-g) 


-Cchirai =D^(t)D^(() + (pa (f) -I- prj p + ipDp + FF H- pap + 

r 
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+ ipap — p'ys'qp + ipXp — ipXp - pp 


2r 


^ ^dW ^ 




j,k 


Cfi — Tr 


2 dpjdpk 

-i^D + i^Fi2 

Zn 


(2.4) 


(2.5) 


( 2 . 6 ) 

(2.7) 

(2.8) 


where q is the R-charge of the chiral multiplet. In addition, if there is a global (flavour) 
symmetry group Gp it is possible to turn on in a supersymmetric way twisted masses for the 
chiral multiplets. These are obtained by hrst weakly gauging Gp, then coupling the matter 
helds to a vector multiplet for Gp, and hnally giving a supersymmetric background VEV 
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^ext scalar fields in that vector multiplet. Supersymmetry on requires 77 ®^* being 

constants and in the Cartan of Gp] in particular 77 ®^* should be quantized, and in the following 
we will only consider 77 ®^* = 0. The twisted mass terms can be obtained simply by substituting 
a —)■ a + a®''* in ( 2 . 6 ). 

2.2 Localization on 

Coulomb branch localization 


The computation of the partition function of a GLSM on the two-sphere can be performed 
via equivariant localization [ 6 , 5]. Following [32, 33], in order to localize the path integral we 
consider an 5u(l|l) C 5u(2|l) subalgebra generated by two fermionic charges <5^ and <5^. In terms 
of 

6 q = 6^ + 61 (2.9) 

this subalgebra is given by* 


x2 _ T I -Rv" 

(Jq - -'3 + 


T , -Rv' . 


= 0 


( 2 . 10 ) 


In particular, we notice that the choice of Sq breaks the SU{2) isometry group of to a U (1) 
subgroup, thus determining a North and South pole on the two-sphere. 

It turns out that £vec and £chirai are hg-exact terms: 


ee£vec = ^s^e-Tr ( ^AA 


2Da - 

r 


ee£chiral = (^S^eTr 270(70 -1- -—-( 

\ r 


( 2 . 11 ) 


This means that the partition function will not depend on the gauge coupling constant, since it 
is independent of ^g-exact terms; for the same reason it will not depend on the superpotential 
parameters, Gw being also (5g-exact (although the presence of a superpotential constrains the 
value of the R-charges). This choice of localizing action is referred to as the Coulomb branch 
localization scheme, since the localization locus coincides in this case with the Coulomb branch 
of the theory; in particular, in this case the localization locus is given by 


O = 0 = 0 = F = F 


(for generic R-charges) and 


t) = Fi2-^ = D + ^ = D^a = D^rj 


= 


( 2 . 12 ) 


(2.13) 


Cq also generates gauge and flavour transformations. 
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These equations imply that a and rj are constant and in the Cartan of the gauge group; more¬ 
over, since the gauge flux is quantized on 


1 


— I F = 2r^Fi2 = m 


we remain with 


^ m m 

Fi 2 = , r] = 


(2.14) 


(2.15) 


2r2 ’ ■' 2r 

The localization argument [6, 5] implies that the partition function is a 1-loop exact quantity. 
One can therefore compute the one-loop determinants for vector and chiral multiplets around 
the localization locus; the hnal result is 




o>0 


am 


-I- r^a{ay 


4 ‘=n - 

pdr 


(| - - SP) 


_ p(m)A 


(2.16) 


(2.17) 


}-2+ 2 ) 

with a > 0 positive roots of the gauge group G and p weights of the representation R of the chiral 
multiplet. Twisted masses for the chiral multiplet can be added by shifting p{a) —)■ p{a)+p{a‘^^^) 
and multiplying over the roots of the representation p of the flavour group Gp- The classical 
part of the action is simply given by the Fayet-Iliopoulos term; 


Spi = 47rir,^renTr(o') + *6'renTr(lTI-) (2-18) 

where we are taking into account that in general the Fayet-Iliopoulos parameter runs [33] and 
the ^-angle gets a shift from integrating out the hF-bosons [34], according to 

^ren = ^ ^ X] log(rM) , 6'ren = 6^ (s - l)7r (2.19) 

I 

Here M is a SUSY-invariant ultraviolet cut-off, s is the rank of the gauge group and Qi are 
the charges of the chiral helds with respect to the abelian part of the gauge group. In the 
Calabi-Yau case the sum of the charges is zero, therefore .^ren = C 
All in all, the partition function for an A/” = (2, 2) GLSM on reads 

= nV Y / fn^) (2,20) 

' ' meZ \s=l / $ 

where |VV| is the order of the Weyl group of G. If G has many abelian components, we will 
have more Fayet-Iliopoulos terms and 0-angles. 
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Higgs branch localization 


As we saw, equation (2.20) gives a representation of the partition function as an integral 
over Coulomb branch vacua. For the theories we will consider another representation of Z 52 is 
possible, in which the BPS conhgurations dominating the path integral are a hnite number of 
points on the Higgs branch, supporting point-like vortices at the North pole and anti-vortices 
at the South pole; we will call this Higgs branch representation. 

Starting from the localization technique, the Higgs branch representation can be obtained 
by adding another hg-exact term to the action which introduces a parameter y acting as a 
Fayet-Iliopoulos. At g = 0 the localization locus admits a Higgs branch, given by 

0 = F = = (a + - xl ( 2 . 21 ) 

0 = Fi2-^ = F-h^ = = D^rj = [a, p] (2.22) 

According to the matter content of the theory, this set of equations can have a solution with 
T] = Fi 2 = 0 and a = —so that for generic twisted masses the Higgs branch consists of a 
hnite number of isolated vacua, which could be different for y ^ 0 . 

On top of each classical Higgs vacuum there are vortex solutions at the North pole 9 = 
satisfying 

D + - = -i{(j)(j)^ - yl) = iFi2 , = 0 (2.23) 

r 

and anti-vortex solutions at the South pole 9 = n 

D +- = -i{(j)(j)^ - yl) = -iFi 2 , F+0 = 0 (2.24) 

r 

The size of vortices depends on y and tends to zero for |x| —)■ 00 . 

All in all, the partition function Zs '2 in the Higgs branch can be schematically written in 
the form 

Z 52 = Zcl^iiZv^av (2.25) 

Apart from the usual classical and 1-loop terms, we have the vortex / anti-vortex partition 
functions Z^, Z^^] they coincide with the ones computed on with H-background, where the 
H-background parameter h depends on the radius as h = A 

As a hnal remark, let us stress that although the explicit expressions for ^52 in the Higgs 
and Coulomb branch might look very different, they are actually the same because of the 
localization argument, and in fact the Higgs branch representation (2.25) can be recovered 
from the Coulomb branch one (2.20) by residue evaluation of the integral. 



2.3 Quantum cohomology from ^ 5^2 

At the classical level, the space X of supersymmetric vacua in the Higgs branch of the theory 
is given by the set of constant VEVs for the chiral fields minimizing the scalar potential, i.e. 
solving the F- and D-equations, modulo the action of the gauge group; 

X = {constant {(J))/F = 0, D = 0}/G (2.26) 

This space is always a Kahler manifold with Erst Chern class Ci ^ 0; a very important subcase 
is when ci = 0, in which X is a Calabi-Yau manifold. In the following we will refer to X as the 
target manifold of the GLSM. 

From the physics point of view, the most interesting GLSMs are those whose target is a 
Galabi-Yau three-fold, since they provide (in the infra-red) a very rich set of four-dimensional 
vacua of string theory. The study of Galabi-Yau sigma models led to great discoveries both in 
mathematics and in physics such as mirror symmetry [35, 36, 37, 38, 39], an extremely impor¬ 
tant tool to understand world-sheet quantum corrections to the moduli space of Galabi-Yau 
three-folds. These non-perturbative quantum corrections form a power series whose coefficients, 
known as Gromov-Witten invariants [40, 41, 42], are related to the counting of holomorphic 
maps of hxed degree from the world-sheet to the Galabi-Yau. The physical interpretation is 
that these terms capture Yukawa couplings in the four-dimensional effective theory obtained 
from string theory after compactihcation on the Galabi-Yau. Unfortunately, mirror symmetry 
can only be applied when the Galabi-Yau three-fold under consideration has a known mirror 
construction; this is the case for complete intersections in a toric variety and few other excep¬ 
tions. 

The exact expression for Z 52 in subsection 2.2 can be used to compute these non-perturbative 
corrections without having to resort to mirror symmetry. As conjectured in [43] and further 
discussed in [44] building on [45, 46], the partition function Z 52 for an A/” = (2,2) GLSM 
computes the vacuum amplitude of the associated infrared non-linear sigma model: 

Zs2ita,ta) = (0|0) = (2.27) 

where ICk is the exact Kahler potential on the quantum Kahler moduli space Xix of the 
corresponding Galabi-Yau target X. The ta are coordinates in Xix parametrizing the Kahler 
moduli of X, and correspond to the complexihed Fayet-Iliopoulos parameters of the GLSM. 
Since /Cx(GGa) contains all the necessary information about the Gromov-Witten invariants of 
the target, this allows us to compute them for targets more generic than those whose mirror is 
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known, and in particular for non-abelian quotients. More in detail, the exact expression reads 

l,m,n 

+ 7^^ + Li3(g’')) - 7^^ 5^^r,(Li2(g’') + U2{q^))vi{t' - ?) 

^ ' r] ^ ' rj,I 

(2.28) 

Here x{^) is the Euler characteristic of X, and 

CXD Yi 

LW9) = Et ■ , (2.29) 

Z-/ jiK 

n=l 

with rji an element of the second homology group of the target Calabi-Yau three-fold, while N^j 
are the genus zero Gromov-Witten invariants. 

In [47] we took a different approach to the same problem, by re-interpreting Z 52 in terms of 
Givental’s formalism [48] and its extension to non-abelian quotients in terms of quasi-maps [49]. 
More in general we considered both Galabi-Yau and Fano manifolds, as well as both compact 
and non-compact targets; in the latter case we have to turn on twisted masses to regularize 
the inhnite volume, while Gromov-Witten invariants and quantum cohomology become equiv- 
ariant. A good review of Givental’s formalism can be found in [50], here we will only discuss 
basic facts which will be needed in the following. 

In order to introduce Givental’s formalism we consider the flat sections 14 of the Gauss- 
Manin connection spanning the vacuum bundle of the theory and satisfying [51, 52] 

(nDJt + K = 0 . ( 2 . 30 ) 

Here JJa is the covariant derivative on the vacuum line bundle and are the coefficients of 
the OPE in the chiral ring of observables (j)a(pb = the observables {0a} provide a basis 

for H^{X) © H‘^{X) with a = 0,1,..., b‘^{X), 0o being the identity operator.! The parameter 
h is the spectral parameter of the Gauss-Manin connection. When 6 = 0 in (2.30) we hnd that 
14 = —hDaVo, which means that the flat sections are all generated by the fundamental solution 
77 := Vo of the equation 

ihDaD, + C:,D,)J = 0 (2.31) 

Wor non-compact targets we work in the context of equivariant cohomology H^{X), where T is the torus 
acting on X. The values of the twisted masses assign the weights of the torus action. 
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The metric on the vacuum bundle is given by a symplectic pairing of the flat sections g^b = 
{a\b) = V^EVb] in particular, the vacuum-vacuum amplitude can be written as 

Zs2 = (0|0) = J^EJ (2.32) 


for a suitable symplectic form E [51] that will be specihed later. 

Givental’s small jT-function is the H^{X) © H^{X)-valued generating function of holomor- 
phic maps of degree d G Id>o from the sphere with one marked point to the target space X. The 
world-sheet instanton corrections are labelled by the parameter = ]Xi=P Qt with Qi = e 
being the complexihed Kahler parameters. This function can be recovered from a set of oscil¬ 
latory integrals, called “X-functions”, which are generating functions of hypergeometric type in 
the variables h and Zi = for abelian quotients the X-function is the generating function of 
solutions of the Picard-Fuchs equations for the mirror manifold X of X and can be expressed 
in terms of periods on X, with r* complex structure moduli of X. 

In order to calculate the equivariant Gromov-Witten invariants from the above functions, 
one has to consider their asymptotic expansion in h. The dT function expands as 


J{2) J(3) 


(2.33) 


Each coefficient is a cohomology-valued formal power series in the Q-variables. In particular 
j( 2 )a — where 77 “^ is the inverse topological metric and E the Gromov-Witten prepo¬ 

tential. Higher order terms in (2.33) are related to gravitational descendant insertions. 

The expansion for Tx{q, h) reads 

. , J(l) /(2) 

+ ^ + + • • • (2.34) 

n 

The coefficients provide the change of variables (mirror map) and normalization 

(equivariant mirror map) which transform X into J. To be more specihc, let us split = 

with ps cohomology generators and Pi equivariant parameters of 
H^(X). The functions X and JT” are related by 


J(h,q) = 


(2.35) 


where fo(z)/h = In the simple example with just one p and p, the mirror map is given 

hy Q = \nz + the equivariant mirror map is given instead by the factor e~'EiVih'-{z)iri^ 

= 0 the mirror maps are trivial and the two functions coincide. 


We are now ready to illustrate the relation between Givental’s formalism and the spherical 
partition function. First of all, as shown in many examples in [43, 47] we can factorize the 
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expression (2.20) in a form similar to (2.25) even before performing the integral; schematically, 
we will have 

dXZu (2.36) 

Here dX = and |A| = while 2 : = labels the different vortex sectors. 

The contribution comes from the classical action, Z^ is the equivariant vortex partition 

function on the North pole patch, is the equivariant vortex partition function on the South 
pole patch and Zn is the remnant one-loop measure. 

The claim is that Z^ coincides with the X-function of the target space X once we identify the 
vortex counting parameter with Q, Xa with the generators of the cohomology, twisted masses 
with equivariant parameters in the cohomology, and r = 1/h. The choice of FI parameters 
and integration contours determines the chamber structure of the GIT quotient. In particular 
in the geometric phase the vortex counting parameters are identihed with the exponentiated 
complex Kahler parameters, while in the orbifold phase they label the twisted sectors of the 
orbifold itself (i.e. the basis of orbifold cohomology). 

The 1-loop term Zn, even if not discussed by Givental, can be interpreted as the symplectic 
pairing in (2.32). In order to reproduce the classical intersection cohomology on the target 
manifold we need to normalize Zn appropriately, as discussed in [47, 53] and reviewed in 
Ghapter 3. 


2.4 Quantum integrable systems from Zs^ 


Mirror symmetry for two-dimensional A/” = (2, 2) gauge theories is a statement about the 
equivalence of two theories, a GLSM and a twisted Landau-Ginzburg (LG) model (known as 
mirror theory). A twisted LG model is a theory made out of twisted chiral helds Y only 
(possibly including superheld strengths S), specihed by a holomorphic function VV(H, S) which 
contains the information about interactions among the helds. 

The Goulomb branch of a twisted LG model is related to quantum integrable systems via 
Bethe/Gauge correspondence [54, 55]. It can be recovered by integrating out the matter helds 
Y and the massive hF-bosons: from 


dW 

~dY 


0 


(2.37) 


we obtain Y = Y (S), and substituting back in W we remain with a purely abelian gauge theory 
in the infrared, described in terms of the twisted effective superpotential 


Weff(B) = W(S,F(S)) (2.38) 

The ehect of integrating out the hF-bosons results in a shift of the 6*-angle. From the Bethe/Gauge 
correspondence, the twisted ehective superpotential of a 2d A/” = (2, 2) gauge theory coincides 
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with the Yang-Yang function of a quantum integrable system (QIS); this implies that the 
quantum supersymmetric vacua equations 


dWeS 


= 27rm, 


(2.39) 


can be identified, after exponentiation, with the Bethe Ansatz Equations (BAE) which deter¬ 
mine the spectrum and eigenfunctions of the QIS: 

fdWeA 


exp 


= 1 


Bethe Ansatz Equations 


(2.40) 


V J 

In particular, to each solution of the BAE is associated an eigenstate of the QIS, and its 
eigenvalues with respect to the set of quantum Hamiltonians of the system can be expressed as 
functions of the gauge theory observables Tr E"' evaluated at the solution: 


quantum Hamiltonians QIS <—> Tr 


I solution BAE 


(2.41) 


The Coulomb branch representation of the partition function (2.20) for a GLSM contains 
all the information about the mirror LG model. We can start by dehning 


Es (J s 1 „ 

2 r 


(2.42) 


which is the twisted chiral superfield corresponding to the superheld strength for the s-th 
component of the vector supermultiplet in the Gartan of the gauge group G. We can now use 
the procedure described in [44]: each ratio of Gamma functions can be rewritten as 

r(-frE) f (fY 


r(l -I- frE) 


27r 


exp<l — e ^-f frEY + e + irTY 


-Y 


(2.43) 


Here V, Y are interpreted as the twisted chiral helds for the matter sector of the mirror Landau- 
Ginzburg model. The partition function (2.20) then becomes 

|2 


Zs 2 = 


dYdY 


(2.44) 


from which we can read W(E, Y) of the mirror LG theory; this is a powerful method to 
recover the twisted superpotential of the mirror theory, when it is not known previously. Here 
dE = Bs dTis and dY = [Qj dYj collect all the integration variables. 

To recover the IR Goulomb branch of this theory we integrate out the Y, Y helds by 
performing a semiclassical approximation of (2.43), which gives 

Y = -ln(-frE) , Y = - In(frS) (2.45) 
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so that we are left with 
r(-irS) 
r(l + irS) 


~ exp 


a;(—irS) 


- ln(—irS) 


a;(irS) 


1 

2 


In(irS) 


(2.46) 


in terms of the function u(x) = a;(lna; — 1). The effect of integrating out the hh-helds results in 
having to consider 0ren instead of 0 as in (2.19). As discussed in [ 20 , 56] the functions Co’(S) enter 
in Weff, while the logarithmic terms in (2.46) (which modify the effective twisted superpotential 
with respect to the one on M^) enter into the integration measure. 

Alternatively, the same results for the IR Coulomb branch can be obtained by taking a large 
r limit, since ^ sets the energy scale of the theory. In fact Stirling’s approximation 


implies 


r(2:) ~ 2 e ^(1 + 0(2: ^)) , z ^ 00 

r(l + 2:) ~ \/^z^~^^ e~^ (1 + o(z~^)) , —)■ cx) 


1 1 

In r( 2 :) ~ Lo(z) — - In 2 : + - In 27r + o(z~^) , z 00 

lnr(l + 2 ;) ~ u(z) + - ln 2 : + - ln27r + o(z~^) , z ^ co 


from which we recover (2.46). 

After this procedure has beeu implemeuted, (2.20) becomes 


Z 52 — 




(2.47) 


(2.48) 


(2.49) 


with Zmeas iutegratiou measure determined by the logarithms in (2.46). We can now perform a 
semiclassical analysis around the saddle points of Weff. As we know, the saddle points Scr are 
solutions of the equations (2.39)1-, and coincide with the Bethe ansatz equations governing the 
spectrum of the associated quantum integrable system; moreover, to each solutiou it cor- 
respouds au eigeufuuctiou Up to quadratic fluctuations, the semiclassical approximation 
of (2.49) around reads 


y(a) 

^52 


p-Weff.crV /y'l 





1 |2 
2 


Zj—^ cr 


(2.50) 


The total partition function will be obtained by summing the contributions coming from all 
vacua. As uoticed iu [20, 56], apart from the classical term (2.50) cau 

be seeu as the inverse norm square of the eigeustates 

|g-VVeff,cr I 2 


7(“) _ 

- 




(2.51) 


^The 2'Kins comes from the symmetry 0 —> 0 + 27rn 
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In fact by comparison with (2.50) we find 

1 

which is the expression for the norm of the Bethe states proposed by Gaudin. 

3 ADHM Gauged Linear Sigma Model: 

Higgs branch and quantum cohomology 

The main character of this paper is the ADHM moduli space Aik,N of k instantons for a pure 
U{N) gauge theory. In this chapter we will describe how this moduli space can be obtained 
from a system of k Dp — N D(p + 4) branes in type II string theory on x C^/Z 2 x C. When 
p = 1, resolving the singular space C^/Z 2 to T*S‘^ naturally leads us to consider a GLSM on 
S'^ whose Higgs branch target space coincides with Aik,N', we will study this GLSM and its 
partition function which as discussed in Section 2 contains all the information about the 
equivariant quantum cohomology of the instanton moduli space. 

3.1 The ADHM Gauged Linear Sigma Model 

The ADHM moduli space of instantons admits a natural brane construction in type H string 
theory on x C^/Z 2 x C [57, 58, 59]. We consider a stack of N D(p+4)-branes (p ^ —1) at the 
C^/Z 2 singularity and wrapping C^; at low energy their world-volume dynamics is described by 
a (p-|- 5)—dimensional pure U{N) super Yang-Mills theory with 8 supercharges. A /c-instanton 
conhguration in this theory can be thought of as introducing a set of k Dp-branes on top of the 
D(p-|-4)-branes. In order to derive the ADHM construction from branes, we have to consider the 
theory living on the Dp-branes: at low energy this will be a (p -|- 1)—dimensional U{k) gauge 
theory with matter fields in the adjoint, fundamental and antifundamental representations, 
coming from Dp—Dp and Dp—D(p -|- 4) open strings. The key point is that its Higgs branch 
moduli space of classical supersymmetric vacua is described exactly by the same equations 
dehning M.k,N- 

To be more specihc in the following we will restrict to the p = 1 case. If we resolve the 
singular space C^/Z 2 to T*S‘^, we can wrap our N D5-branes on x and our k Dl-branes 
on this is the set-up considered in [53]. From the D5 point of view we have a 6d A/” = 1 
pure U{N) Yang-Mills theory on x S'^ at low energy, while the D1 system provides a GLSM 
on with gauge group U{k) and matter content summarized in Table 1. 


.(S) Det 




eff 




(2.52) 


s=s. 


(“) 
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X 

Hi 

B 2 

I 

J 

D-brane sector 

Dl/Dl 

Dl/Dl 

Dl/Dl 

D1/D5 

D5/D1 

gauge U{k) 

Adj 

Adj 

Adj 

k 

k 

havor U{N) x H(l)^ 


1 ( 1 , 0 ) 

1 ( 0 , 1 ) 

N( 1 / 2 , 1 / 2 ) 

N( 1 / 2 , 1 / 2 ) 

twisted masses 

ei + 62 

-61 

-62 

~ 2 

~ 2 

H-charge 

2 -2q 

Q 

Q 

q + p 

q-p 


Table 1; ADHM gauged linear sigma model 


The superpotential of our model is W = Tr^ {x ([-Bi,-B 2 ] +IJ)}, which leaves a global sym¬ 
metry group U{N) X we denote as (a^, — ei, — 62 ) the twisted masses corresponding to 

the maximal torus which acts on Aik,N- In the /^-charges assignment we require 

l>g>p>0,g<l, so that the integration contour in a is along the real line; for negative 
/^-charges we can perform an analytic continuation by deforming the contour. We have now all 
the necessary ingredients to compute the partition function for our ADHM GLSM. This 
is given by 


752 _ -L 


with gauge one-loop determinant 


S=1 


^gauge 


d('r(7s) ^ —4^i^ra-s —iSrenms 

271 


E l I I “V “ sy ^-47ritr(7s-ISrenms /7 /7 /7 

/ 11 ^ ^gauge^/J ^adj 


n 

s<t 


m 


st 


+ r a] 


2_2 
st 


and matter helds one-loop determinants 


k N 


=n n 


r [—iras + iraj + ir^ — T (irus — iraj -|- ir| -|- 


S=i J = 

k 


(3.1) 


(3.2) 


^adj — 


^ r (1 -I- iras — iraj — ir^ — T (l — irag + iraj — ir^ + 

r (1 - irast - ire - T {-iragt + irei - T [-iragt + ire2 - 


(3.3) 


iTi ^ + ire - T (l -F irast - irei - T (l -h irast - ire 2 - 


Here we dehned e = ei -|- 62 , — at and rrist = rris — rnt- The Zjj term represents the 

contributions from I and J, while Zadj contains y, Hi, H 2 . The partition function (3.1) has 
been referred to as the stringy instanton partition function in [53]. Let us point out that the 
gauge one-loop determinant (3.2), together with the shift of 9 in 6'ren = 0 + {k — l) 7 r, can be 
thought of as the one-loop determinant for the W-bosons if we consider them as helds with 
R-charge 2, since 


* r (1 - ira., - 2 ^) 


k 


^ g-i7r(fe-l)Etl 



s<t 



+ r'^a 



(3.4) 
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When the radius r of 3“^ goes to zero we recover a system of D(-l)-D3 branes; the partition 
function of the theory living on the D(-l)-branes will be the one considered in [60, 61, 13], 
see also [62], In particular we expect —)■ Zk^N for r —)■ 0, with Zk^N contour integral 

representation of the instanton part of the Nekrasov partition function Zjv = for 

a 4d A/” = 2 pure U{N) theory: 


= ^ I TT TT ~ 

k\ f ^ P(a.)P(a. + e) 11 - el){al - el) 


(3.5) 


Here we dehned P{(Ts) = ~ “ f); while A is the RGE invariant scale. In fact in [53] 

it has been shown that the lowest order term in the r expansion of (3.1) coincides with (3.5), 
and the energy scale is naturally set to A = r“^. 


3.2 Equivariant Gromov-Witten invariants of A4k,N 

The explicit evaluation of (3.1) requires to classify the poles in the integrand; this has been 
done in [53]. To summarize, we have to consider the ADHM phase which corresponds to 
C > 0; this forces us to close the contour integral in the lower half plane. It turns out that 
the poles can be classihed by N Young tableaux {Y}k = (W, • • •, Yn) such that l^'l = 

which describe coloured partitions of the instanton number k] these are the same ones used 
in the pole classihcation of Zk,N, with the difference that to every box is associated not just 
a pole, but an inhnite tower of poles, labelled by a positive integer n. These towers of poles 
correspond to D(-l)-branes describing the effective dynamics of the k Dl-branes, and represent 
the vortex/anti-vortex contributions to the spherical partition function; we can easily deal with 
them by rewriting near each pole [43] 

(Ts = (^Us + (3.6) 

In this way we resum the contributions coming from the “third direction” of the Young tableaux, 
and the poles for A* are now given in terms of usual two-dimensional partitions. With the 
change of variables (3.6) we can explicitly show how Z^^j^ can be factorized before integration 
as in (2.36); this is important since we discussed how we can extract the X-function of the 
GLSM target space from this factorized form. If we define and dg = Us + ^ 

dg = dg — nig so that Yhms&i. ~ obtain the following expression: 

k 

1 / n '^^{zzn^-ZnZ.Z,, (3,7) 

5 = 1 
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where 


Zii = 


r(l — ire)r(irei)r(ire2 


r(ire)r(l — -irei)r(l — ire2) J F (l — rA 


N -.kkN 

y) nn 


r (rA^ + irttj + ir|) F (—rA^ — iraj + ir|) 




ir|) F (l + r\s + iraj — ir^ 


JJ(rA, -rAt)^ 

S^t 


F(1 + r\s — r\t — ire)F(rAs — r\t + irei)F(rAs — r\t + ire2) 


F(—rAs + rAt + ire)V{l — rXg + rXt — -irei)F(l — rXg + rXt — ire 2 ) 


(3,8) 


Z„ = 


E ((- 1 ) 




-rAo 


di > 0 

(1 + rXs 


k N 

n n h —rXg 

s=l 7 = 1 V •8 


ira. 


ira 




ds - rXt + rXs 


ir^) 


ds s<t 


-rXt + rXs 


rXf 


ire. 


dt-ds 


(rA, - rAt + j _ t (rA, - rA* + ires) j _j. 


(rA, - rAt + (1 + rXs - rXt - irei)(1 + rA, - rAt - ^^^£ 2 ) 


(3.9) 


k N 

z„= E ((-i)''^)‘'‘+-*"‘nn 


(-'■A. 


irai 


irttj — ir^) 


LI 11 (1 — rA 

>0 s=lj=l V 

(1 + rA, - rAt - ire)dt-ds {rXs - rXt + irei)d,_d. 


2 ) ds jj' dt — ds — rXt + rXs 


, —rAt + rA, 

ds s<t t I s 

(rA, - rAt + ire 2 )dt-ds 


(rA, - rAt + ire)dt-ds (1 + rXs - rXt - irei)d,-ds (1 + - rXt - ire2)dt-o 


(3.10) 


The Pochhammer symbol {a)d is dehned as 


nt=o^(® + 0 for /c > 0 
for /c = 0 

for /c < 0 

a — i 



(3.11) 


which implies the identity 


{o)-d = 


- 1 )^ 


(3.12) 


(1 ®)d 

The ^ in (3.7) is cancelled by the k\ possible orderings of the As, so in the rest of this paper 
we will always choose an ordering and remove the factorial. 

As discussed in subsection 2.3, the vortex partition function appearing in (3.9) provides 
a conjectural formula for Givental’s X-functions of the ADHM instanton moduli space: 

T- _ tt 1 TT TT ~ TT ~~ 

U,N- 2 ^ ((-1) z) nil n-rX -7r. V, 11 


(1 — rA, — ira.dw H —rAt + rA, 

di,...,dfe >0 s=lj=l ^ ^ dias ^^7 t < s 

{l + rXs-rXt-ire)dt-ds {rXs - rXt + irei)dt-ds {rXs - rXt + ir€2)dt-ds 

(rA, - rAt + ire)dt-ds (1 + rXs - rXt - irei)dt-ds (1 + rXs - rXt - ire2)dt-a 


(3.13) 
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The As are to be interpreted as the Chern roots of the tautological bundle of Mk,N- 

For Nakajima quiver varieties, the notion of quasi-maps and X-function were introduced 
in [49]; our X^ jv (3.13) should match the quasi-map X-function and therefore, according to 
[8], should compute the iX-function of the instanton moduli space. In Section 5 we will apply 
the same supersymmetric localization approach to other Nakajima quiver varieties in order to 
produce conjectural formula for Givental’s X-functions of moduli space of instantons on ALE 
spaces of type A and D; type E can be obtained in a similar way. 

From (3.13) we hnd that the asymptotic behaviour in h = r~^ is 

jiN) 

^k,N = 1 + + • • • (3-14) 

Comparing with (2.34) we hnd that = 1 for every k, N, while = 0 when A^ > 1; this 
implies that the equivariant mirror map is trivial, namely Xk^N = J'k,N, for A^ > 1. In the case 
A^ = 1 we will have to invert the equivariant mirror map. 

As a hnal comment, let us remark that in the limit e —)■ 0 one can show [53] that all the 
world-sheet instanton corrections to vanish; this is in agreement with the results of [8] 
about equivariant Gromov-Witten invariants of the ADHM moduli space. 

3.3 Example: A4i^2 versus A^ 2 ,i 

In this subsection we will explicitly compute the Kahler potential for the cases Adi,2 and M 2 ,i- 
Since Ad 1,2 — Ad2,i we expect the two results to be the same, after appropriately identifying 
the equivariant parameters; we will see that this is indeed the case once the equivariant mirror 
map has been handled correctly. 

The Adi,2 case 

The instanton moduli space Adi, 7 v is equivalent to x in the N = 2 case we have 

Ad 12 ~ X T*P^. There are only two 2-coloured partitions oi k = 1 labelling the poles of 
(3.7), given by 


(□,•) 

(•,□) 


Ai = —iai — 

Ai = —m2 — if 


The partition function can be written as 



(;^^)*r(ai + f)^{l)^{l)^(l) ^ (;2^)*da2+f)^(2)^^2)^(2) 


(3.15) 
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where 


7 ( 1 ) 

^11 


zw 


v(i) 


r (irei) r {ire2) T {ira2i) T (—ira2i + ire) 

r (1 — irei) r (1 — ire2) T (1 — ira 2 i) T (1 + ira 2 i — ire) 


2 F 1 


2 F 1 


{ire, —ira 2 i + ire} 
(1 - ira2i} 
(ire, —ira 2 i + ire} 
(1 - ira2i} 



(3.16) 


The other contribution is obtained by exchanging oi i —)■ 02 - By identifying as the Givental 
X-function, we expand it in r = | in order to hnd the equivariant mirror map; this gives 


Z« = l + o(r2), 


(3.17) 


which means there is no equivariant mirror map and X = J. The same applies to Z^\ 

We still have to properly normalize the symplectic pairing Zx\. This problem comes from 
the choice of renormalization scheme used to regularize the inhnite products in the 1 -loop 
determinant (2.17). In [32, 33] the (^-function renormalization scheme has been used. The 
ambiguity amounts to replacing the Euler-Mascheroni constant 7 appearing in the Weierstrass 
form of the Gamma-function 


1 

fM 


00 



n=l 


_^ 

e " 


(3.18) 


with a hnite holomorphic (because of supersymmetry) function of the parameters, namely 7 —)■ 
Kef{z). We will £x this normalization by requiring the cancellation of the Euler-Mascheroni 
constants; moreover we require the normalization to reproduce the correct intersection numbers 
in classical cohomology, and to start from 1 in the rM expansion in order not to modify the 
regularized equivariant volume of the target. In our case, in (3.15) z[]^^ and z[^^ contain an 
excess of 4 ir(ei-|-e 2 ) in the argument of the Gamma functions; to eliminate the Euler-Mascheroni 
constant, we normalize the partition function multiplying it by 




i+<^2 /r(l — irei)r(l — ire2) \ ' 
\r(l + irei)r(l -F ire2)) 


(3.19) 


Expanding the normalized partition function in r up to order r we obtain 


rynorm _ 

^1,2 — 


r‘^eie2 


.r‘^{e^ — a\ 2 , 


+ ^ \y?{zz) - ir{ei + ^ 2 ) ( - \n^{zz) 


\n{zz){lji 2 {z) -|- Li 2 (; 2 )) -|- 2(Li3(2;) -|- Li 3 (; 2 )) -|- 4 ( 1 


£162 


-) C( 3 ) 


'' 12 / 


(3.20) 
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The first term in (3.20) correctly reproduces the Nekrasov partition function of Mi ^2 as ex¬ 
pected, while the other terms compute the H^{X) part of the genus zero Gromov-Witten 
potential in agreement with [63]. We remark that, as a consequence of what inferred at the end 
of subsection 3.2, the quantum part of the Gromov-Witten potential is linear in the equivariant 
parameter ei - 1 - 62 . 

The M. 2,1 case 

For M. 2,1 there are two poles of (3.7), given by the two partitions of A; = 2 dehned by (modulo 
permutations) 




Ai = —ia — 1 A2 = —ia — — ici 
Ai = —ia — fI , A2 = —ia — i^ — ic2 


The permutations of the A’s cancel the h in front of (3.1). Evaluation of the residues gives 


with 


= (;^^)*d2a+.+.i)^(row)^^row)^qow) ^ (;^^)*K2a+.+.2)^(^1)^^col) 

r(frei)r(fre2) r(2frei)r(fre2 — irei) 


(3.21) 


^(row) 

"11 


r(l — frei)r(l — ire2) r(l — 2 frei)r(l -|- irei — ire2) 


d /2 


z'r’ = Z 




d^O di =0 

(2frei)j_2j^ (1 - ire 2 )i_ 


*rei)j_2rfq d'd (l + irei)j_j^ 
(ire) 


2 di 


' d— 2 di 


(d - 2di)\ (irei + ire)^_^g^ (1 + irei - ire 2 )a- 2 dd 


(3.22) 


d /2 


zLr’ = H 


d^O di =0 

( 2 irei)d- 2 dd (1 - ire 2 )d- 2 di 


(1 -F irei)d-2di (ire)dd (irei + ire)d-di 

(irei)d- 2 di dll (I + irei)d-di 

(ire)d- 2 di 


(d - 2di)\ (irei + ire)d- 2 di (1 + irei - ire 2 )d- 2 di 
Here we dehned d = di + d 2 and changed the sums accordingly. The column contribution can 
be obtained from the row one by exchanging ei <—> 62 . From the expansion 

^(row, col) _ ^ ^ 2freLii(-;2) + o(r^) (3.23) 

we recover the equivariant mirror map, which can be inverted by replacing 

^(row, col) _ y ^—2ir€Lii(—z)^{row, col) (1 -|- 

2 '(row, col) _ y ^—2ir€L'ii{—z)^{row, col) (1 “h ^^2ire^(row, col) 24) 
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(3.25) 


Now we can prove the equivalence A^i ,2 — after identifying 

e e 

di = 2 a + — + Cl , a2 = 2 a + ~ + 62 

so that ai 2 = Ci — €2 and by expanding in z, it can be shown that zi^\z) = (1 + Zv°'^\z) 

and similarly for the antivortex part; since z[]^^ = z[\°'"^ we conclude that Z^^^(z,z) = (1 + 
;^)2jre(i Same is Valid for Z^^'^ and so in the end we obtain 

Zf,(z, z) = (l + zf^^^a + zf^^^Zi}(z, z) (3.26) 

Taking into account the appropriate normalizations for both the vortex/antivortex partition 
functions and the 1-loop factors, this implies 

= ■ ( 3 - 2 T) 

The Kahler potential will therefore be given by (3.20). The same procedure works for generic 
Aik,N', see [53] for further examples. 


3.4 Quantum cohomology in oscillator formalism 

In [64] the quantum multiplication in the Hilbert scheme of points Aik,i has been computed in 
terms of operators constructed from oscillators satisfying a Heisenberg algebra. In this subsec¬ 
tion we will review that construction and show that the Gromov-Witten potential computed 
for Al 2 ,i in subsection 3.3 is in agreement with what obtained in [64]. 

In [63] and [64] the equivariant cohomology of the Hilbert scheme of points of has been 
given a Fock space description in terms of creation-annihilation operators ap, p G Z obeying 
the Heisenberg algebra 

\oipi CTg] p5p^q (3.28) 

The positive modes annihilate the vacuum 


Q;p|0) = 0 ,p > 0 


(3.29) 


The natural basis of the Fock space is labelled by partitions: 


V) 


1 


\Aat(Y)\X[,Y, 




(3.30) 


Here \ Aut{Y) \ is the order of the automorphism group of the partition Y and Yi are the lengths 
of the columns of the Young tableau Y. The total number of boxes of the Young tableau is 
counted by the eigenvalue of the energy 




Ol—pOlp 


p>Q 


(3.31) 
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We can now consider the subspace Ker(i^ — k) for k G Zi+ and allow linear combinations with 
coefficients being rational functions of the equivariant weights; this space is identihed with 
Q), and in particular 

\Y) e , (3.32) 


where i{Y) denotes the length of the partition Y. 

According to [64] the generator of the small quantum cohomology is given by the state 
\D) = —which describes the divisor corresponding to the collision of two point-like 
instantons. The operator of quantum multiplication by \D) reads 


Hd 


i I ^ V {—qY + 1 

(ei + € 2 ) 2^ 2(-a)P - 

p>0 ^ 

T ^ ^ [ 6 i 62 Clp_|_gQ;_pQ;_g tt—p—gOpOq] 

p,q>0 


+ €2 (—g) + 1 

2 (-g) - 1 


(3.33) 


The three-point function can be computed as {D\H£,\D), where the inner product is normalized 
to be 


YY' 


(3.34) 


This gives 

(D|//D|D) = (ei + e2) 


(m.f''''\Aut(Y)\n.Y, 


where we used {D\a_ 20 i 2 \D) = 2{D\D). By (3.34), we hnally get 


{D\Hr,\D) = 


ei -|- 62 


(e,e2)"-i2(A;-2)! 


1 + 2 


1 - g 


(3.35) 


If we rewrite 1 + 2^ = {qdqf + 2Li3(g) , we obtain the genus zero prepotential 




po , ^1 + ^2 1 

‘=^'^(e,e2)^-i2(A;-2)! 


(Ing)^ 

3! 


+ 2Li3(g) 


(3.36) 


which agrees with the prepotential one can extract from (3.20). In [53] this comparison has 
been extended to M. 2,,1 and Al 4 ,i. 

The generalization of the Fock space formalism to M.k,N with generic N was given by 
Baranovsky in [65] in terms of N copies of Nakajima operators as jSk = Foi' example, 

in the case N = 2 the operator of quantum multiplication becomes (modulo terms proportional 
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2 


Hd - [eie2Q; 


(*) (*) (i) (i) H) (*)l 

- a_Lfc«n «fc ] 


2=1 n,fc>0 
Cl + ^2 




(3.37) 


fc >0 


-Iei + e2j7^fc^ u[0‘-k'^k +«-fcQ(fc + «-fc“fc + tt-fc«fc J 

fe >0 ^ 

We will see in Section 4 how these operators of quantum multiplication are related to the 
Hamiltonians of quantum integrable systems of hydrodynamic type. 


3.5 Orbifold cohomology of the ADHM moduli space 

The moduli space M.k,N of k SU{N) instantons on is non-compact for two reasons: hrst 
of all, the manifold is non-compact; the second source of non-compactness is due to point¬ 
like instantons. The first problem can be solved by introducing the so-called ff-background 
which corresponds to work in the equivariant cohomology with respect to the maximal torus 
of rotations x U{l)e 2 on C^. The second one can be approached in different ways. A 

compactihcation scheme is the Uhlembeck one: 

k 

= □ Mk-i,N X (C^) (3.38) 

1=0 

however, due to the presence of the symmetric product factors this space contains orbifold 
singularities. A desingularization is provided by the moduli space of torsion free sheaves on 
with a framing on the line at inhnity. This is described in terms of the ADHM complex linear 
maps (5i, B 2 ) : —)■ and (/, Jf) : —)■ which satisfy the F-term equation 

\_Bi , H 2 ] -|- /T = 0 

and the D-term equation 

[Hi,4] + [H2,4]+//t-jtj = p 

where is a parameter that gets identihed with the FI parameter of the GLSM and that ensures 
the stability condition of the sheaf. 

Notice that the ADHM equations are symmetric under the reflection ^ —)■ and 
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The Uhlembeck compactification is recovered in the 0 limit, which allows pointlike instan- 
tons. This amounts to set the vortex expansion parameter as 




(3.39) 


giving therefore the orbifold X-function 

[-rXr - iraj + ire)d^ 


-^k,N — 


Z ( 

di > 0 




n n (^i-rXr- iraj)c 

r=l 7=1 ^ ' 


n 


r<s 


ds — dr — rXg + rXr 
-rXs + rXr 


(3.40) 


(1 + rXr - rXs - ire)d,-dr {^Xr - rXg + irei)d,-dr jrXr - rXs + ire2)d,-dr 
{rXr - rXs + ire)ds-dr (1 + rXr - rXs - irei)d,-dr (1 + rXr - rXs - ire2)ds-dr 

In the abelian case N = 1 (Hilbert schemes of points) the above X-function reproduces the 
results of [63] for the equivariant quantum cohomology of the symmetric product of k points 
in C^. Indeed, by using the map to the Fock space formalism for the equivariant quantum 
cohomology reviewed in subsection 3.4, it is easy to see that both approaches produce the same 
small equivariant quantum cohomology. Notice that the map (3.39) reproduces in the iV = 1 
case the one of [63]. 


3.6 D5-branes dynamics and Donaldson-Thomas theory 


Let us consider for a moment the brane construction of subsection 3.1 with p = — 1; this is 
the original setting considered by Nekrasov. The complete partition function for the four¬ 
dimensional M = 2 pure U{N) Yang-Mills theory living on the D3-branes will have the form 


^(N) _ ^(N) MN) 
^4d ~ "^4d,ll"^4d,np 


( 3 . 41 ) 


Here is the instanton term coming from the D(-l) branes, which contains the non- 

perturbative corrections to the D3-brane dynamics. The perturbative part of the D3-brane 
dynamics is contained in this has been computed in [13] and reads 


N 

^Si=nr 2 («/niTi,e 2 ) (3.42) 

l^m 

The partition function (3.41) computes the free energy S 4 d of the system according to 


"^4d 





-S^did, ei, 62 , A) 


(3.43) 


with A instanton counting parameter. Sm is a regular function as 61,2 —^ 0, and in this limit 
becomes the Seiberg-Witten prepotential of the IR four-dimensional theory. 
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We can now return to the D5-D1 branes case {p = 1). In analogy with the familiar four¬ 
dimensional case, the total partition function of our six-dimensional J\f = 1 pure U{N) Yang- 
Mills theory in fl-background will be 


^(N) _ MN) MN) 
^6d ~ "^6d,ll"^6d,np 


(3.44) 


The non-perturbative term 




(TV) 

6d,np 




ft(0,€i,€2,«,2,r) 


( 3 . 45 ) 


k^O 


is just the partition function of the Dl-branes computed in Section 3.2 once we resum over k, 
and provides the non-perturbative corrections to the D5-brane dynamics; it takes into account 
the contributions of the topological sectors of the gauge theory labelled by the second and third 
Chern character of the gauge bundle, with counting parameters Q and {z, z) respectively. 


The perturbative term has been computed in [53] and reads 

hs {aim, Cl, 62 , 


TV 


^11 ^ ^ 2 {aim, Cl, 62) 


l^m 


hs {aim, 61 , 62 , — 


N 

Ifr^ 

l^m 


aim, 61 , 62 , 


-2 


(3.46) 


This deforms the standard expression for the perturbative part of the Nekrasov partition func¬ 
tion (3.42) by implementing the hnite r corrections, related to the resummation over the Kaluza- 
Klein modes. 

The expression (3.44) will compute the free energy of the six-dimensional theory on 
X via 


^6d 



6162 


-^ 6 ^( 0 , 61 , 62 , A;r, x) 


(3.47) 


Again, Sed is a regular function as 61,2 —t 0, since has the same divergent behaviour as 
z[^'^ due to the equivariant regularization of the volume Moreover, S^d reduces to E^d 
in the limit r —)■ 0 ; higher order corrections in r encode the effect of stringy corrections due 
to the blown-up sphere resolving the C^/Z 2 singularity. The free energy E^d is expected to be 
related to higher rank equivariant Donaldson-Thomas theory on x P^; this would lead to the 
higher rank analogue of the equivalence between Gromov-Witten theory, Donaldson-Thomas 
theory and quantum cohomology of the Hilbert scheme of points considered in [ 66 ]. 

The mathematical framework hosting our results is the theory of ADHM moduli sheaves 
as developed in [30]. In such a context one gets = Xj:,t and therefore the jv function is 
the most natural candidate for its higher rank generalization. On the other hand, one can also 
show that Xfc^i reproduces the 1-legged Pandharipande-Thomas vertex as in [67]. 

Let us hnally remark that recently a connection between the classical part of the six dimen¬ 
sional partition function (3.44) and rehned topological vertex has been discussed in [ 68 ]. 
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4 ADHM Gauged Linear Sigma Model: 

Coulomb branch and quantum hydrodynamics 

We discussed in subsection 2.4 how the twisted LG mirror theory in the Coulomb branch is 
related to quantum integrable systems. In this Section we will consider the mirror of the ADHM 
GLSM studied in Section 3; the proposal for the associated QIS is a system of hydrodynamic 
type, the so-called gl{N) periodic Intermediate Long Wave system (ILWat or ILW for N = 
1). After a brief review of the basic facts concerning ILW, we will discuss the details of the 
correspondence between our mirror LG and this hydrodynamic integrable system. 

4.1 The Intermediate Long Wave system 

The non-periodic ILW equation 

Uf ‘ZuUx T T (^4) 

0 

is an integro-differential equation which describes the wave dynamics at the interface of two 
fluids in a channel of hnite depth 5. Here Q is a parameter related to the ratio of the densities 
of the fluids, while T is the integral operator 

'T[f]{x) = ^P-V- I coth 

with P.V. f principal value integral. In the limit 5 —)■ 0 it reduces to the KdV equation 

‘2,UUx "h 2 Uxxx (^•2) 

while in the inhnite-depth limit 5 —)■ cx) it becomes the Benjamin-Ono (BO) equation 

ut = 2uux + QH[uxx] (4.4) 

with H Hilbert transform on the real line: 

X) = py. [ ( 4 . 5 ) 

J X-y 71 

The KdV equation (4.3) is a famous integrable differential equation; (4.1) can be seen as an 
integrable deformation of KdV and in fact the form of the integral kernel in (4.2) is hxed by 
the requirement of integrability [69]. 
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What we will be interested in is the periodic version of ILW, in which we identify x ~ x + 2'K] 
this is obtained by simply replacing (4.2) with 

nm = | (^.«) f(y)dy ( 4 . 6 ) 

where q = e~^. Equation (4.1) is Hamiltonian with respect to the Poisson bracket 

{u{x),u{y)} = 5\x-y) (4.7) 

and in particular can be written as 

ut{x) = {l 2 ,u{x)} (4.8) 

with respect to the Hamiltonian I 2 = f + ^uT[ux]. The other conserved quantities are 
given by Ji = / and In-i = / + ... for n > 3, where the missing pieces are determined 

by the involution condition = 0. These have been computed explicitly in [70]. 

The ILW AT system is described in [21] in terms of a system of N coupled integrable integro- 
differential PDEs in N helds; more explicit formulae for the ILW 2 case can be found in [22]. 

An important class of solutions of the periodic BO system is represented by solitons. Soliton 
solutions are waves whose prohle does not change with time, apart from the instants in which 
two or more solitons scatter. A A;-soliton can be written in terms of a rational function whose 
poles dynamics satisfies the /c-particles trigonometric Calogero-Sutherland system [71]. 

This has been generalized in [20] by considering /c-soliton solutions for ILW: in this case 
the dynamics of the position of the poles turns out to be described by the fc-particles elliptic 
Calogero-Sutherland system. Let us review the argument here. The /c-particle elliptic Calogero- 
Sutherland model is dehned by the Hamiltonian 

1 ^ ^ 

HeCM = - + Q‘^^p{xi - Xj-Ui,U2) (4.9) 

1=1 Kj 

Here p is the elliptic Weierstrass p-function and the periods are chosen as 2uji = L and 2a;2 = iS; 
we usually set L = 27r. From (4.9) we can extract the Hamilton equations 

Xj = pj 

p. = -G'^dj ^ p{xj - xi), (4.10) 

which can be recast as a second order equation of motion 

Xj = -Q‘^dj ^ p{xj - xi). 
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(4.11) 



It can be shown that equation (4.11) is equivalent to the auxiliary system 


y ^ yi)) _ ^ 0 ) \ 

■ ^ [ "sp (zfa' ~ ^i)) _ "sp {livj ~ yi)) \ 

‘ l^«i(!fe-»^<)) 9. (ffe-!/.))/■ 


(4.12) 


Notice that in the limit 5 —)■ cx) (g —)■ 0), the equation of motion (4.11) reduces to 


itj = -Q^ dj ^ cot^ y-{xj - xi)j , 


while the auxiliary system goes to 


(4.13) 


Xj = • 




1=1 


¥j 


Vj = [^iyj - ~ [j^iyj -yi) 

1=1 ifij 


(4.14) 


and we recover the BO soliton solution obtained in [71]. In analogy with [71] we now dehne a 
pair of functions encoding the particle positions as simple poles 


k 

ui{z) = -iQ 

i=i 


y'l (z(^-^i)) 
(z(^-^i)) 


k 

Uo{z) =iQ^ 
i=i 


y'l (z(^-^j)) 
(z(^-%)) 


(4.15) 


The linear combinations 


M = Mo + Ml, M = Mo — Ml. 


(4.16) 


satisfy the differential equation 

Q~ 

Ut + uUz + i—Uzz = 0, (4.17) 

as long as Xj and yj are governed by the dynamical equations (4.12). When the lattice of 
periodicity is rectangular, (4.17) is nothing but the ILW equation: in fact under the condition 
Xi = Vi one can show that m = —iTu [70]. To recover (4.1) one can shift m —)■ m + 1/25 and 
rescale parameters. We stress that (4.17) does not explicitly depend on the number of particles 
k and therefore holds also in the hydrodynamical limit k,L ¥■ oo, with k/L hxed. 
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The periodic ILW system can be canonically quantized by first expanding the held u in 
Fourier modes and then promoting the modes to creation/annihilation operators; from 
(4.7) we get a quantum commutator 


[ttfc, Oil] = k5k+i 


(4.18) 


representing a Heisenberg algebra. The quantum Hamiltonians can be recovered from the 
classical ones In after an appropriate quantization procedure which also involve normal ordering 
[ 22 ]; for example we have 

/i = 2 ^ a-fcttfc - — (4.19) 

fc >0 


I 2 


2 ^ (-g)^-l 

fc >0 ^ 


Oi-kOik + [^1^20ik+l0i-k0i-i — 


Oi-k-lOikOil] 


Q (~g) +1 

2 i-q) - 1 


^ ^ Oi—kOik 
k>0 


(4.20) 


Here we introduced a complexihed depth parameter 27rt = 5 — id entering q = By doing 

this we get a hrst hint of why the ILW system might have something to do with the moduli 
space of instantons: if we identify Q = ei + 62 we can immediately recognize that the operator 
of quantum multiplication for the Hilbert scheme of points M.k,i (3.33) coincides with the I 2 
quantum ILW Hamiltonian; the number of points k will be given by the eigenvalue of Ji, which 
is related to the energy operator (3.31). The ak creation and annihilation operators of quantum 
ILW are identihed with the Nakajima operators describing the equivariant cohomology of AikX- 
this is why one has to consider periodic ILW to make a comparison with gauge theory. Notice 
also that the complexihed depth parameter 2nt = 6 — id gets identihed with the complexihed 
Kahler parameter 27rt = ^ — id of the Hilbert scheme of points. In this way the quantum 
ILW hamiltonian structure reveals to be related to abelian six dimensional gauge theories via 
BPS/CFT correspondence. The BO limit t —)■ ±cx) corresponds to the classical equivariant 
cohomology of the instanton moduli space, and therefore describes the four-dimensional limit 
of the abelian gauge theory. 


Quantization of ILWat, related to non-abelian gauge theories, will produce the algebra 
H © Wn with H Heisenberg algebra of a single chiral U{1) current. The case N = 2 has been 
studied in detail in [22], while its BO 2 limit has been shown in [25] to appear in the AGT 
realization of the 4d A/” = 2 SU{2) gauge theory with Nf = 4: in fact the expansion of the 
conformal blocks proposed in [14] coincides with the particular basis of descendants in CFT 
which diagonalizes the BO 2 Hamiltonians. 

The Fourier modes of ILW n correspond to the Baranovsky operators acting on the equiv¬ 
ariant cohomology of M.k,N- N = 2 [20] showed that (3.37) can be rewritten in 
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terms of the I 2 quantum Hamiltonian for ILW 2 given in [22]: 

I 2 ^ ^ -\- 2iQ ^ ^ ^ -|- — ^ ^ (4.21) 

kf^O k>0 ^ n+m+k=0 

Here a^, are the modes corresponding to a Heisenberg, Virasoro algebra respectively. The 
idea is to rewrite the Virasoro generators in terms of a second set of Heisenberg generators c^; 
we can then make the substitution 




(1) I (2) 

I a); + a): 


,H) _ ..(2) 




Cfc - 


'I 


\/^\^2 


for positive modes and 


O-fc — i\/^i^2 




C-k — i\/ ^ 1^2 


( 1 ) ( 2 ) 
- <^-k 


(4.22) 


(4.23) 


for negative modes and at the end we obtain 
i i 


[eie2a^lW}Ynlk “ + ^1^2a-W-Wnlk - tt-Lfc«n 

i,/c>0 

, I ^(2)^(2) , 9n,(2)^(l)l 


‘^^/^n,k>0 

iQ 

k>0 


‘Q E *=1^9 [“-bb + bVf + abab + aSabi 

k>0 ^ 


which reproduces (3.37) after an appropriate rescaling of the 


4.2 The ADHM mirror LG theory 

In the last subsection we had evidence of the fact that the quantum ILW n Hamiltonians coincide 
with the operators of quantum multiplication in the small equivariant quantum cohomology of 
Aik,N- As we know from Section 3 this enumerative problem can be studied by computing the 
partition function of the ADHM GLSM on interpreted in the Higgs branch. On the other 
hand, in subsection 2.4 we discussed a more direct connection between quantum integrable 
systems and GLSMs by considering the partition function of the mirror LG theory on the 
Goulomb branch; here we will further elaborate on this point giving the details for the ADHM 
theory. 

As explained in subsection 2.4, by taking a large r limit of (3.1) we obtain an expression for 
from which we can extract the twisted effective superpotential describing the IR Goulomb 
branch of the twisted LG model mirror to the ADHM GLSM. In particular we obtain 

|2 


7^2 _ -L 

~ k\ 


reiea 


n 

S=1 


d(rS, 

27r 


Ul,Uls=ims t) 

n;=iQ(Ss) 


,-Weff(S) 


(4.25) 
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The integration measure is expressed in terms of the functions 


N 


i=i 


Q(E,) = r""n(^,-Oj--)(-E. + a,--) , r>(E„) = 


(Sst)(Sst + e) 

(Sst — ei)(Sst — 62) 


(4.26) 


while the twisted effective superpotential reads 

k 

>Vefr(S) = (27rt — i(/c — l)7r) 


S=1 


k N 


+EE[ u:{ir'Ls — iraj — ir-) + u{—irTis + iraj — 

^=1 j=i 
k 

+ ^ [u{ir'Lst + ire) + u{ir'Lst - irei) + uj{ir'Lst - ire 2 )] 


(4.27) 


S,t=l 

We remind here the dehnitions 2Tit = 27r^ — id and u:{x) = a;(lna; — 1). By extremizing (4.27) 
according to (2.40) we obtain the equations describing the supersymmetric quantum vacua of 
the Coulomb branch: 

N k 






(e„)(e„-€) 

t^S 


= e 


— 27rt 


TT/ y I e -p-j-(-S^i - ei)(-Est - 62) 

J_J_(-E, + a, - -)[[ 


(4.28) 


i=i 


t^S 


We already know that (4.28) can be thought as Bethe Ansatz Equations for some quantum 
integrable system; the proposal of [22] is that the relevant system is ILWat. The motivation 
lies in an explicit computation of eigenstates and eigenvalues of the hrst few quantum ILWtv 
H amiltonians (for example (4.19), (4.20) for = 1 and (4.21) for = 2) in a perturbative 
expansion around the BOat point g = 0. The key observation is noticing that the spectrum can 
be written in terms of symmetric combinations of the S* solutions to (4.28), as we will see in 
the next subsection. 

To conclude this subsection, let us perform the semiclassical approximation of (4.25) around 
the saddle points of (4.28). First of all we notice that around the BO point t —)■ cx) the solutions 
to (4.28) can be labelled by A^-partitions A = (A*^^\... of /c, i.e. such that 

equal to k. In this limit the roots of the Bethe equations are given by 

= a; + - + (i — l)ei + (j — 1)62 , m = 1,..., (4.29) 

with i,j running over all possible rows and columns of the tableau A*-*^. These are exactly the 
poles appearing in the contour integral representation for the 4d Nekrasov partition function 
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[60]. We expect that for large t the roots will be given in terms of a series expansion in powers 
of so that we can still associate an iV-partitions A to each eigenstate of the system, which 
we will call |A(t)). Then from (2.50), (2.52) we expect the semiclassical approximation to give 
the norm of the eigenstates; in fact we obtain 


1 

{mm 


\re1e2) \ nLi<5(S.) /V 


(4.30) 

■y _y'{-^) 

Zj —^cr 


which is the formula proposed in [22] for {X{t)\X{t)) ^ 


(when t is real). 


4.3 Quantum ILW Hamiltonians from gauge theory 

As remarked above (2.41), from the Bethe/Gauge correspondence we expect the chiral ob¬ 
servables of the ADHM GLSM to provide a basis for the quantum Hamiltonians of ILWtv 
[54, 55, 72]: 

ILW quantum Hamiltonians <—)■ TrE”(f) (4-31) 

solution BAE 

Actually we should consider the chiral ring observables of the 6d U{N) theory, but due to R- 
symmetry selection rules these vanish in the perturbative sector and are therefore completely 
determined by their non-perturbative contributions, given by our GLSM describing Dl-branes 
dynamics in presence of D(-l)s. 

The calculation of the local chiral ring observables of the U{N) gauge theory on x 3“^ is 
analogous to the one on C^, apart from an extra dependence on the S'^ coordinates of bosonic 
and fermionic zero-modes in the instanton background. The sum over hxed points is replaced 
by the sum over the GLSM vacua and we get 

tr ^ (e°'‘ — e (1 — e''^)(l — ^ (4.32) 

Z=1 V m / 

where Em (t) are the solutions of (4.28). We expect one can give a mathematical proof of (4.32) 
in the context of ADHM moduli sheaves introduced in [30]. 

A check of the proposal (4.31) can be obtained by considering the four dimensional limit 
t —)■ ±cx) where explicit formulae are already known. We saw in (4.29) that in this limit the 
roots of the Bethe equations are given by [22] 

= a/ + I + (* - l)ei + (j - m , b J ^ 1 , m = 1,..., lA^'^l . (4.33) 

therefore (4.32) reduces to the known formula for the chiral ring observables of four-dimensional 


33 



U{N) SYM [73, 74] 


N 


N fc® 


“I” y~~! 1^ (o-i + ciA^ ^ + e2{j — 1)^ — (^ai + eiA^ ^ + e2j 

(ai + e2(j — 1)) + (a/ + e2j) 


z=i 


«=i i=i 


n+l 


(4.34) 


Here is the number of boxes in the hrst row of the partition A*^^\ while is the number 
of boxes in the j-th column. Since the t —)■ ±cx) limit corresponds to Benjamin-Ono, we 
expect the above chiral observables to be related to the quantum Hamiltonians of the BO 
system. Let us consider the case Y = 2; in this case the Young tableaux correspond to 
bipartitions (A, p) = (Ai ^ A 2 ^ ...,p-i ^ /i 2 ^ • • •) such that |A| + |p| = k. The eigenvalues 
of the BO Hamiltonians are given by linear combinations of the eigenvalues of two copies of 
trigonometric Calogero-Sutherland system [ 22 , 25] as 


= Aa‘V) + Y'(-“) 


(4.35) 


with 




h^^\a) = €2^ 


i=i 


a + eiAj + €2 J — X 


a + €2 ( J - 2 


(4.36) 


In particular, = € 162 ^. In terms of (4.36), the N = 2 chiral observables (4.34) read 


Tr$n+1 ^n+l ^ ('_o)n+l ” 1 + ('_!) 


n+l 


n + l 


E 

2=1 


nl 


i\(n + I — i) 


-V‘ 


(4.37) 


The contributions from i = 0, i = n + l are zero, so they were not considered in the sum. The 
hrst few cases are: 


Tr4>2 2 , Tr4>3 ^( 2 ) 

-= a - eie2fc , 


,(3) 

— = Y - - jere2k , 


3 

_ /,(+ 4,(2) 

5 “ 2 


(4.38) 


We can now rewrite the above formulae in terms of the BO Bethe roots (4.33) via the combi¬ 
nations TrS"; in fact from (4.32) we have 


Tr$^ 

2 

Tr<I>3 


= a" 


|A| |/4| 

- €+2 I 1 + 1 


^m=l n=l 

|A| |/4| 


—26162 j Em + 


, m=l 


n=l 
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5 Generalization to ALE quivers 

We can apply the procedure described in the previous Sections to more general N = (2,2) 
gauge theories on in order to extract information about the equivariant quantum cohomology 
of the relevant target space. A particularly interesting class of theories is given by Nakajima 
quiver varieties describing the /c-instanton moduli space for U{N) gauge theories on ALE spaces 
C^/r, r being a hnite subgroup of SU{2) [9]. If we consider a system of Dl—D5 branes on 
cvr X T*S'^ X we can think of Nakajima quivers as GLSMs on whose partition function 
will give us information about the quantum cohomology of the corresponding target ALE space; 
similar results were discussed in [75]. 

On the other hand, by analogy with the ADHM quiver case discussed in the previous section, 
we expect the mirror LG theory of a general Nakajima quiver variety to be related to quantum 
integrable systems of hydrodynamic type providing a spin generalization of ILW. Indeed, the 
Bethe Ansatz Equations that we hnd reads 

(5.1) 
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where Cbc is the adjacency matrix of the quiver graph. For ei = 62 , this reduces to the Cartan 
matrix of the corresponding affine Dynkin diagram. In the Ap_i case, (5.1) reduces exactly 
to the Bethe Ansatz Equations of the spin periodic Intermediate Long Wave quantum system 
proposed in [29], which we will call ILW^p. 

Observe that eq.(5.1) extends the one of the XXX spin chains with higher rank spin group 
discussed in [54]. Indeed, it coincides with that if one considers the Cartan matrix of the algebra 
associated to the classical spin group. In this sense, eq.(5.1) might be interpreted as the Bethe 
Ansatz Equation for a spin chain with an affine spin group. 

We will mainly focus on ALE spaces of type Ap_i, with some comments also on the ALE 
spaces of type Dp. For the Ap_i—type we will compute the Gromov-Witten invariants in some 
examples. Ending agreement with the mathematical literature when the comparison is possible. 
We will then discuss the associated QIS, which can be derived from a hydrodynamic limit 
of spin Calogero-Sutherland; our results coincide with the generalization of the ILW system 
proposed in [29]. 

5.1 The Ap_i-type. ALE space: Gauged Linear Sigma Model on 

An ALE space of type Ap_i corresponds to a gauge theory on the space C^/F with F = Zp, 
p ^ 2. The moduli space Ai{k, N,p) of instantons on this space can be obtained via an 
ADHM-like construction, whose data are encoded in the associated Nakajima quiver, which in 
this case is the affine quiver Ap_i with framing at all nodes. The vector k = {ko ,..., kp-i) 
parametrize the dimensions of the vector spaces at the nodes of the quiver, while the vector 
N = {Nq, ..., Np-i) gives the dimensions of the framing vector spaces; the extra node of the 
affine Dynkin diagram corresponds to /cq- The choice of N determines k once the Chern class 
of the gauge vector bundle has been fixed [9]. 

The Nakajima quiver can be easily transposed to a GLSM on 8“^. This theory will have 
gauge group G = nci u(h), flavour group Gp = 116=0 ^ matter content 

summarized in the following table: 





^( 6 , 6 - 1 ) 

j(b) 

J(b) 

gauge G 




k(^) 


flavor Gp 


1 ( 1 , 0 ) 

1 ( 0 , 1 ) 

^^( 1 / 2 , 1 / 2 ) 

N(i/2,1/2) 

twisted masses 

e = ci + 62 


-62 

^ 

2 

2 

i?-charge 

2 

0 

0 

0 

0 
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If we consider the superpotential 


p-i 

W = + jW jW)] (5.2) 

6=0 

(assuming the identihcation b ~ b + p), the F— and D—term equations describing the classical 
space of supersymmetric vacua in the Higgs branch coincide with the ADHM-like equations 
characterizing Ai{k, N,p). 



Figure 1: The affine Hp_i quiver. 


We can now write down the partition function on 3“^ for this GLSM by applying the pre¬ 
scription described in the previous Sections. This is simply given by 


ko\...k„- 


/ P-l fcf. ,/ (6)x 

n n (5.3) 

rn'~'^) b=0 s=l 


where the various pieces of the integrand are 


p-l kb 


Zv„ = (™f>-<’)■+ 


(b) (b) 

ml ml 


p-i kb T ("l — 

-p (■ (b) (b) I ^ 

6=0 r ( zral — iral - 1- H —1 


T — iraf^ + iraf"* — ire — -|- 

^adj = n n (. (fe) . (fe) 

6=0 s,i=i r I iral — iral ’ + ire - 1 —I—) 
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P-1 ki, fcfc-i r _|_ iraf' + irei — ^ 

= nnn / („) ^ 

b=o s=i t=i r (1 + zral — iral — irei -1— ^ — 

r (iraf^ — iraf~^^ + ire2 + ) 


r ^1 — iraf^ + ircTj 


.(0) 


- *re2 + ^ - 


p-i ki, N,, Y f—ira® + iraf^ + ir^ — 

^f+af = n n 11 — 7 — ib) — ib) - w 

b=o s=i J =1 r + irai - ira'j ^ -ir^- ^ 


r (^raf^ - iraf^ + ir| + ^ j 
r — iraf'’ + — ir| + j 

Notice that we included the shift of the 9 angles in Z^^c- Again, in the limit r —)■ 0 (5.3) reduces 
to the contour integral expression for the equivariant volume of Ai{k, N,p) presented in [62], 


5.2 The Ap_i-type ALE space: equivariant quantum cohomology 

In order to extract the Kahler potential and Gromov-Witten invariants of from (5.3), 

we need to explicitly evaluate the contour integral. As we did in subsection 3.2, we start by 
performing the change of variables 


rib) ^ lib) 


and dehne — rri's \ Zb = with h = ib + idb/2n complexihed Fayet- 

Iliopoulos parameter. Thanks to this, the partition function can be factorized before integration 
and we get 


ko\... kr,-l\ 


p-1 fct 

nn 

6=0 s=l 


-ZiiZv^av 


where 


p -1 kb 


= nn 


6=0 s=l 


r(?re) 


p -1 kb kb 


n n 


b=0 s=l t^s 


r(l + r\f^ — rAf^ — ire) 
r{—rX^s^ + rAf^ + ire) 


FT ft TT r(-rAf^ + rxf + ire2) 

r(l - rA® + rAS'-'^ - irei) r(l + rA® - rAf’^^ - ires) 

ff ft ft + ir\) r(-rA® - ira® + ir|) 

7=1 j}i r(l - rX?^ - iraf - ir\) r(l + rA® + iraf - ir\) 
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p-1 fcf, 


^v = Enn(-ir“- n4-nn 

{Z} b=Os=l 
p-1 fcf, fct-i 


<*> rr i<‘> rr tt + rA?> (i + -»«),(«_,(.) 

Ti"i‘ nn 

=0 6=0 s<t 

1 


-rAf^ + rAi^^ (rA^^^ - rAf^ + ire) mm 

h 

1 


2 S £i (1 - rXf'' + rxf - irei)^(h)_^(h-i) (1 + rA^^ - rXf - ire2);(6-i 

n fi n ~ ^ 


Jk^-1) _/(^) 


(1 - r^?’ - iraf’ - ir^),,n 


( 5 . 9 ) 


p-1 h 


W _!.(« k?’ - ri‘> - rAf* + r\f> (1 + “ fre)t!*)_ 


= Enn(-i)"“- nr nn 

{k} b=0s=l 
p—1 fcj, fci,_i 


('’) TT _PA"' TT TT 
1=0 6=0 s<t 

1 


.(b) 


-rAf^+rA® 


(rA^ ’ -rXy + ire)^(b)_^(b) 


^00 (1 — "("Ai ^ + rAj ^ — irei)^(5)_^(b-i) (1 + rAi ^ — rAj ^ — ire2)f^(b-i)_^(b) 

p-1 fci, ATfc W _ I ,>£') 




(5.10) 


As we saw, the vortex partition function is interpreted in quantum cohomology as Givental’s 
X function. Moreover, in order to extract the Gromov-Witten prepotential we have to normalize 
in an appropriate way Zu and invert the equivariant mirror map in Z^. For ALE spaces the 
equivariant mirror map is known explicitly [76]: it only appears when N = Ylb=o ^b = 1, 
in which case the construction in [9] forces the vectors N, k to he N = (1,0,..., 0) and 
k = {k,k,... ,k), and it consists in multiplying Z^ by (1 + n6=() (and similarly for Xav). 

On the other hand the normalization factor for Zi\ is not known, and we will have to hnd 
it case by case according to the discussion in subsection 3.3; this is equivalent to require the 
intersection numbers (1,1, In z) = 0, with In combination of Kahler moduli of the target space. 

All we need to do now is to classify the poles in terms of aI^^ variables. They will coincide 
with the poles of the r —)■ 0 limit of (5.3), as for the ADHM partition function. It turns out 
that the poles can be labelled by “colored” Young tableaux, in which each box has a number 
associated to it according to its Zp representation and the values of k and N; see [77] for more 
details, or the examples below. 


An example: the N = 1, k = 1 ease 


In the rest of this subsection we will study in detail the case Y = 1 in which, as mentioned 
above, we have N = (1, 0,..., 0) and k = {k,k,... ,k)-, we will refer to the Y = 1 instanton 
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moduli space as Ai{k,l,p) and denote the corresponding spherical partition function with 
Here we will only consider k = 1] other cases will be explored in Appendix A. 

When k = 1 the instanton moduli space is known in the mathematical literature as 
= Zp-Hilb(C^). The corresponding equivariant quantum Gromov-Witten poten¬ 
tial has been computed for ei, 62 generic in [63] {p = 2) and [78] (p = 3); in the special 
limit ei = 62 = e explicit computations are provided in [79] in terms of the (inverse) Cartan 
matrix and root system of the non-affine algebra Ap_i for generic p. More in detail, let Cj be 
the Ap_i Cartan matrix, i,j = 1... p — 1, let be the basis of fundamental weights for the 
Ap_i algebra, and dehne R~^ as the set of p{p — l)/2 positive roots. Then we have 

1 1 e 

Fixp ^ ~p~ 2 ^^Zilnzj + g X] X] {ai,/3){aj,/3){ak,f3) Inzilnzjlnzk 

ij=l i,j,k=ll3£R+ /riiN 

+ 27 5 : Lis 

0&R+ \i=l 

with the product {ai,aj) = aJC~^aj expressed in terms of the inverse Cartan matrix. 

Let us show how these results can be recovered from our spherical partition function. 

• Case p = 2 


Here we are considering the Ai singularity. The Ai algebra data are just 

^ = 2 , C-^ = l , ai = l (5.12) 

therefore (ai, ai) = The only positive root corresponds to (3 = Cai = 2, which implies 
(ai,/!) = 1. From (5.11) we then expect 

11 ~ 

Fix 2 = - - ln^zi + ^ In^ 2:1 + 2e Li 3 ( 2 :i) (5.13) 

2 4 6 

We can compare this expression with what we obtain from the evaluation of the partition 
function Zfl 2 - The poles of (5.7) are labelled by colored partitions of k = kb = pk; 
in our case, for positive Fayet-Iliopoulos parameters we have the two poles 



A<"' 

A<"' 


• ( 0 ) 
= —ta\ 

■ ( 0 ) 
= —ta) 



A« 

AS” 


\( 0 ) 

A) — zei 
\( 0 ) 

A) - 1€2 
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Inverting the mirror map simply consists in replacing Zv —)■ (1 + ZoZiY^'^Zv and Z^v 
(1 + For the normalization of the 1-loop part, we hnd 




( 5 . 14 ) 


r(l 4 - ire+)' 

to be a consistent choice. All it remains to do now is to evaluate the partition function at 
the two poles, sum the two contributions, and expand in small r. At the end we obtain 


,norm 

^ 1 , 1,2 


- I In^(ziZi) + ^ ln^( 2 :i^i) + 4C(3) 


-4 2(Li3(2:i) -4 Li3(2:i)) - ln(2:i2;i)(Li2(2:i) + Li2(2:i)) 


(5.15) 


From this expression we can extract the genus zero Gromov-Witten prepotential (see for 
example [43]). For the sake of comparison we redehne ei —>■ iei, 62 —)■ ie 2 , so that now 


-Fi,i, 2 = 77--7 2:1 + 6 Li 3 ( 2 :i) 

Z6162 4 lZ 


(5.16) 


This coincides with the expression given in [63] for generic ei, 62 and reduces to (5.13) in 
the special limit ei = 62 = e. 

Case p = 3 


For the A 2 algebra we have 

- 7 +-C 


( 5 . 17 ) 


The three positive roots are /3i = Cai, (32 = Ca 2 and (3^ = C(q;i + 0 ( 2 ), therefore in this 
case (5.11) gives 


1 1 

^"1,1,3 = “ 3 ^2 + In^ 2:2) 

+ e ( ^ In^ 2(1 + i In^ 2:1 In 2:2 + ^ In 2:1 In^ 2:2 + ^ In^ 2:2 
\^o Z Z o 

+ 2 e (Li3(2:i) + Li3(2:2) + Li3(2:i2:2)) 


(5.18) 


To compare with the gauge theory result, we have to compute Zfl 3 . The relevant poles 
are at 
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A^°^ = — i| , A^^^ 

A^°^ = —iaf'^ — i| , Ap^ 



— 161 : 

x(2) 

) ^1 


— iei , 

X(2) 

) ^1 


- 162 ■ 

a(^) 

) ^1 


aS°^ - 2iei 
A^^ - i(^2 
Af ^ - 2ie2 


Inverting the mirror map by (1 + zoZiZ 2 y^^Zy and Z^^ —)■ (1 + zqZ\Z 2 )'''^'"Z^^^ and 

normalizing the 1 -loop part as 

Zii ^ (Z 0 Z 1 Z 2 Z 0 Z 1 Z 2 ) *^^r7i—I—^— \^i\ (5.19) 

1 (1 -|- ire) 

we obtain 

^fiT™ = - \ (ln^(2:i^i) -h ln(2:i^i) ^( 2 : 2 ^ 2 ) + ln^(2:2^2)) 

’ ’ 06162 o 

+ * ^ ln^(2:i^i) - lii^iziZi) \n{z2Z2) 

_ + <^2 ln^( 2 : 2 ^ 2 ) - ln^( 2 ; 2 ^ 2 )^ 

+ ^6C(3) -|- 2(Li3(^i) -f Li3(^2) + Li3(^i^2) + Li3(^i) -|- Li3(^2) + Li3(^i^2)) 

- ln( 2 :i^i)(Li 2 ( 2 :i) -h Li 2 (^i)) - ln( 2 : 2 Z 2 )(Li 2 ( 2 : 2 ) + Li 2 (^ 2 )) 

- ln( 2 ;i 2 : 2 ^i^ 2 )(Li 2 ( 2 :i 2 : 2 ) + Li 2 (^i^ 2 ))^ 

(5.20) 


The corresponding genus zero Gromov-Witten prepotential (after the redehnition ei —)■ 
iei, €2 —)■ * 62 ) reads 


-^1,1,3 = ^5- o (In^ 2:1 -h In 2:1 In 2:2 -h In^ Z2) 

66162 3 ^ ' 

+ ( 2:1 -h 2:1 In 2:2 -F In zx In^ 2:2 -F 

\ 9 0 0 

-h e (113(2:1) -h 113(2:2) -h 113(2:12:2)) 


2ei -|- 62 

9 



(5.21) 


and coincides with the expression given in [78] for generic ei, € 2 , or with (5.18) when 
ei = 62 = 6. 
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• Case p = 4 


In the As case, the relevant algebra data are 


c = 

/ 2 -1 0 ^ 
-1 2 -1 


/ 3 1 1 \ 

4 2 4 

1 1 i 

2 2 

, ai — 

fA 

0 

, a2 — 

( 0 ) 

1 

, a3 — 

0 


^ 0 -1 2 J 


113 
\ 4 2 4 / 


[v 






(5.22) 

We have the six positive roots /3i = Cai, (32 = Ca 2 , (3^ = Cas, /d 4 = C(q;i + 02 ), 
(3s = C(q ;2 + as), (3& = C(q;i + 0:2 + as), which inserted in (5.11) lead to 


-^ 1 , 1,4 = ~ Q (2 2:1 + 4 In^ 2:2 + 3 In^ 2:3 + 4 In Zi In 2:2 + 2 In Zi In 2:3 + 4 In 2:2 In 2 : 3 ) 

1 .0. 2 


4 

1 


^"^3 2 "^2 ^3 2 

+ e ( - In + In 2:1 In 2:2 + - In 2:1 In ;23 + - In 2:2 + In zi In 2:2 + In zi In 2:2 In 2:3 

\ Zi Z O 

+ In^ 2:2 In 2:3 + ^ In^ 2:3 + ^ In 2:1 In^ 2:3 + In 2:2 In^ z^ 

+ 2 e (Li 3 (^i) + Li 3 (^ 2 ) + Li 3 (^ 3 ) + Li 3 (^i^ 2 ) + 1^13(^22:3) + Li 3 ( 2 :i^ 2 ^s)) 

(5.23) 


On the other hand, to compute the partition function .Z’l 1 4 we have to evaluate residues 
at the four poles 



A® = — 

Af) = Af) - 2*61 
A® = —— *1 
Af) = Af) - 2*61 
A® = —ia® — *1 
AJ^^ = AS°^ - *62 , 
A® = —*a® — *1 

Af) = Af) - 2*62 


Ai^^ = A® — *61 

Af) = A® - 3*61 

Ai^^ = A® — *61 

Af ^ = A® - *62 

Ai^^ = A® — *61 

Af) = A® - 2*62 
Af ^ = A^^ - *62 
Ai^^ = A® — 3*62 


As usual by now, the mirror map is inverted by —)■ (1 + 2 ;o 2 ;i 2 ; 22 : 3 )*’’'^Zv and —)■ 

(1 + ZqZiZ 2 ZsY^‘'Z^^, while we normalize the 1-loop part with 

^11 —t (^o2:i^2^s2:o2:i2:2^s) — 1 —^(5-24) 

1(1 + ire) 
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At the end we get 


^norm. _ 

^1,1,4 ~ 


4eie2 8 


- 3 In^izizi) + 4 ln^(2;22:2) + 3 In^izaZs) 


4 \n{zizi) ln(2;22:2) + 2 ln(2;i^i) ^(2:32:3) + 4 ln(2:2;22) ^^{zsZs) 


ei + 3e2 , 3 , ei + 3e2 , 2 / - 


ln-^(2;i2;i) 


In (2:12:1) ln(^22:2) 


ei + 3e2 , 2/ - 


In (^1^1) ln(2:3^3) 


ln^(2:22:2) - ln(2:i2:i) ln^(2:22:2) - ln(2:i2:i) ln(2:22:2) ln( 2 : 32 : 3 ) 

In^(2:2^2) ln(2:3^3) - ^ In^(2:3^3) - ^ ln(2:i^i) In^(2:3^3) 

Z 00 


3ei + €2 


ln(2:22:2) In^(2:32:3) 


ie|^ 8 C( 3 ) + 2(113(2:1) + 113(2:2) + 113(2:3) + 113(2:12:2) + 113(2:22:3) + 113(2:12:22:3)) 

+ 2 ( 113 (^ 1 ) + 113 (^ 2 ) + Li3(^3) + 113 (^ 1 ^ 2 )) + 113 (^ 2 ^ 3 )) + 113 (^ 1 ^ 2 ^ 3 )) 

- ln(2:i^i)( 112 ( 2 : 1 ) + 112 (^ 1 )) - ln(2:2^2)( 1 ^ 12 ( 2 : 2 ) + Li2(^2)) 

- ln(2:3^3)( 112 ( 2 : 3 ) + 112 (^ 3 )) - ln( 2 :i 2 : 2 ^i^ 2 )( 1 ^ 12 ( 2 : 12 : 2 ) + 112 (^ 1 ^ 2 )) 

- ln(2:22:3^2^3)(112(2:22:3) + 112(^2^3)) - ln(2:i2:22:3^i^2^3)(Li2(2:i2:22:3) + 112(^1^2^3)) 


( 5 . 25 ) 


which corresponds to a prepotentlal 


1 1 

-^1,1,4 = 2- (3 In^ 2:1+4 In^ 2:2 + 3 In^ 2:3 + 4 In ; 2 i In 2:2 + 2 In 2:1 In ;23 + 4 In 2:2 In 2:3) 

4 6162 8 ^ 


ln^z,\nz, + \n^z,\nz,+ 


o 4 


<^1 + ^2 , 3 

— In .. 


^1 + 62, ,2 , + ^2 , , , , ^1 + ^2 , 2 


H- - — In zi In 2:2 H- - — In ;2i In 2:2 In 2:3 H- - — In 2:2 In 2:3 

3ei + €2 , 3 3ei + 62 , ,2 , 3ei + 62 , ,2 ^ 


In'" ;23 + 


In 2:1 In 2:3 H- - -In 2:2 In 2:3 


+ e (Ll3(^l) + Ll3(^2) + Ll3(^3) + Ll3(^1^2) + Ll3(^22:3) + Ll3(2:i^2^3)) 


( 5 . 26 ) 


This prepotentlal reduces to ( 5 . 23 ) for ei = 62 = e. 
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5.3 The Ap_i-type. ALE space: quantum hydrodynamics 


Let us now consider the mirror LG theory in the Coulomb branch, again following the procedure 
described in subsection 2.4. We start by defining As'’ = AA — we can then take the large 
radius limit r —)■ cx) of (5.3) to arrive at 


k,N,p 


n 




to ti Qisb) nLi‘ ^"(2?’ - sf')) 


where the functions entering the integration measure are 

£>(E<« - e 1‘>) = r2(EW - EfbEf - Sf’ +«) 

F0t) _ ^ ,,.2(2(1.) _ 2(1-1) _ £,)(e<''I - Ey* + € 2 ) 

Nb 

Q(^f>) = ri’-' -)) - “f+)) 

j=i 

while the twisted effective superpotential reads 


2 


g-Wefl(S) 

(5.27) 


(5.28) 


p-1 kb p-1 kb Nb 

Wefr(S) = 27r EE irUAA + EEE u{irAA — irAp — ir-) + u:{—irAA + irAp — irp 

b=0 s=l 6=0 s=l j=l 

p-1 kb 

+ — irAp) + u{irAp — irAp + ire) 

b=i) sp^s 


p-1 kb kb-i 

+ EEEH irAp — irA^ — irei) + oj{—irAp + irSf — ire 2 ) 

6=0 8=1 t=i 


(5.29) 


From the Bethe/Gauge correspondence, the equations determining the supersymmetric vacua 
in the Coulomb branch (saddle points of Wefr) 


exp 


>9Weff \ 

dAP ) 


1 


(5.30) 


correspond to Bethe Ansatz Equations for a quantum integrable system. For our theory, the 
equations are 


Nb 

n 


yi(b „(^) e snib) 

Zjs Uj 2 Nis 




Y^{b) ^.,(6—1) 


I „(b 

i=l + S’ 


2 t=l ^ 
t^s 


(b) 


.(b) 


— ff- 


(b) 


.(b-l) 


4+1 (6) 

~ TT dis 


0 ( 6 + 1 ) 


€2 


(b) 


0(6+1) 




+ ei 


(5.31) 
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These are exactly the Bethe Ansatz Equations for the generalization of the periodic Intermediate 
Long Wave quantum system proposed in [29]. These equations can be rewritten in a 

form which generalizes to any quiver 

p-i 

n 

c=0 


n l^s l-t + ^ „-27r4 

_ y(c) _ 

t=l '^bc 


(5.32) 


Nb y{b) _ (b) _ e 

S' 2 

_y(^) „{b) _ 

j=i 


where 

e —ei 0 ... 0 —62 

—62 e —€\ ... 0 0 

0 —62 e ■. : : 

: ; ‘ ‘. —ei 0 

0 0 —62 e —Cl 

—ei 0 ... 0 —62 e 

is the adjacency matrix of the quiver graph. 

The solutions to (5.31) are in one to one correspondence with the supersymmetric vacua in 
the Coulomb branch and with the eigenstates of the inhnite set of integrals of motion for the 
generalized ILW^^ system. In general, these equations are extremely hard to solve. However, 
signihcant simplihcation appears in the BO^p limit (go, • • •, Qp-i) = (0,..., 0). In this case 
solutions can be actually expressed explicitly in terms of Wtuples of colored Young diagrams 
{N = X]6=o ^b) whose boxes are associated to one out of the p colors, the total number of 
boxes being k = X]fe=o ^b- They coincide with the fixed points on the moduli space Adg see 
the examples in the previous subsection and Appendix A. 

We already discussed how BOat is related to N copies of trigonometric Calogero-Sutherland; 
in the present case, the analogous proposal put forward in [29] is that the BOj^p system can 
be viewed as a coupled system of N copies of spin p trigonometric Calogero-Sutherland model 


(5.33) 



(which we will call sCS{N,p)), where kb is the number of particles of spin b = 0,... ,p — 1. In 


particular the integral of motion I 2 for BOi^p coincides with the Hamiltonian of trigonometric 
sCS(l,p), and its eigenvalues can be written using the roots of the Bethe equations (5.31) as 


J20 c-VEf. (5.34) 

In other words the sum runs just over Bethe roots corresponding to the affine node of the 
quiver. It is then natural to expect ILW^p to be related to N copies of elliptic spin p Calogero- 
Sutherland. 

In the following we will show the correspondence between BO^p and trigonometric sCS(Y, p) 
for the special case p = 2 in full detail. Arbitrary p case presents more difficulties, which will 
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be explained in the course of upcoming discussion. The plan is to compare (5.34) with N = 1 
to the eigenvalues of the sCS(l,p) Hamiltonian. The spectrum of sCS(l,p) was computed in 
[80]. For convenience we quote the results that will be needed in the following. The normalized 
Hamiltonian is 

(5.35) 

where W = Y\A<j sin f (l/i - Vj) and 


2 ^ dy^ 2L2 ^ sin^ f {y^ - y^)' 


(5.36) 


In the above formulae yi are the coordinates of k particles placed on a circle of length L, s* are 
their spins, Pij permute Sj and Sj and form the SU{p) spin representation of the permutation 
group Sk, while f3 is the coupling constant. The spectrum of Hj^p reads 

E,, = j:K! + pj:(2i-k- 1) K, + (5,37) 

i=l i=l 

where the following notation is used. Given a strictly decreasing integer sequence K = 
(Ki,... ,i^fc), Ki > Ki^i, it uniquely decomposes as K = K — pK, where K G {!,... ,p}^ 
and K G In other terms 


K^ 


1 + {Ki - l)jnodp 

Kj-l 

. P . ' 


(5.38) 

(5.39) 


The spectrum arising from the BAE (5.32) should be compared with the excited energy levels 
of sCS. It is then crucial to hud a vacuum state K°, whose energy should be subtracted. The 
vacuum state was explicitly given for p = 2 in [80] and it reads 

K° = (M,M-A; + l), M = ^ + 1. (5.40) 


By the integrality requirement, this makes sense only for k even. Moreover the solution is 
unique only for /c = 4/ + 2 while for A; = 4/ it can be chosen consistently in this form. For k 
odd the vacuum state is never unique, nevertheless by practicing with examples we collected 
evidence that there is always a choice supporting the results derived below. Once we have the 
vacuum, we dehne K = a + K°. From the dehnitions given above it follows that a is a non¬ 
increasing sequence. By restricting a to Z>g we obtain a partition A. In the rest we are going to 
focus only on states which are labelled by partitions. The coloring of the partition (0-coloring 
when the box in the first row and hrst column is colored by 0 and 1-coloring when it is colored 
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by 1) is dependent on k. For /c = 4/ +1 and /c = 4/ + 2 we have to apply 0-coloring while k = Al 
and k = 41 + 3 requires 1-coloring. In the following we focus on k = 41 + 2, where we have 
a unique vacuum and a 0-coloring. However, the conclusions remain valid for k general, one 
just needs to do appropriate changes in the derivation. We will study the normalized energy 
eigenvalue for states corresponding to partitions 

k k 

^ (A' - A") (A, + Kf) + ,3 ^ (2* - - 1) (A. - A») 

i=l i=\ 

(5.41) 

and show that it can be matched with the spectrum of J 2 . Possible partitions for iV = 1, p = 2 
are 


k/p = 1: 


k/p = 2: 


k/p = 3: 


[02, 


0101 


1 


1 

0 

0 

TTol ’ 

0 

1 


1 hH 


o|i|o|i|o|i 


1 


0 

0 

0 


0 


1 


0 

TToon 


1 

0 

0 

1 


olij 


1 

0 

1 

0 

1 

0 


0 

1 

1 

0 

0 

1 


1 

0 

0 

1 


1 


0 


1 


0 

lEl 


0 


1 


0 


1 


0 



At this point we need to introduce some notation about colored Young diagrams. The number 
of boxes colored by 0 in the i-ih. row is denoted as (A). Drawing a colored diagram and 
looking at it for sufficient time, we can write a formula 


C<">(A) = 1 + 


Aj - 1 - (i - 1) 


mod p 


p 


(5.42) 


On the other hand, using (5.39), we have an expression for Ki — K\ 


( 0 ) 


K. - = 


Aj -|- K- 


( 0 ) 


p 


+ 


Kf’ - 1 

P 


(5.43) 


and plugging in (5.40) while setting p = 2 at the same time yields a simple relation 

Ki- (5.44) 
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Still, we need to build three more quantities out of 


7|^rows(A) 


lc'»>(A)i= E YT) 

i=\ 

(5.45) 

7|^rows(A) 

>t“>(A)= E (»-i)Y’o) 

i=l 

(5.46) 

#rows(A*) 

n<»'(A‘)= E (»-1)Y'(A‘), 

(5.47) 


i=l 


where A* is the transposed Young diagram. It will be useful to have a formula for just 

in terms of data related to the original partition A 

#rows(A) 

n(0)(A‘)= ^ ^ [(^-l)modp + (i-l)P 

i=l j=l 

7 ^rows(A) 

= E YtA) [(i+ |(cf'(A)-l)]. (5.48) 

i=l 

Equipped with these information we can rewrite the normalized energy eigenvalue (5.41) just 
using the data of colored Young diagrams. The essential ingredient is equation (5.44) which 
implies p = 2. After some algebra, combining (5.44)-(5.48), we hnally arrive at^ 

^, 3 .p= 2 (A) = n(°)(A*)-(2/3 + l)n(°)(A)+ ’^{2/3 + l)-/3 |C'(°)(A)|. (5.49) 

To accomplish the comparison we just have to write the spectrum of I 2 (5.34) in terms of 
(5.45)-(5.47). Remind that all the above discussion assumes Y = 1, so only the affine node in 
the quiver contains a single fundamental/antifundamental pair. We mark this node by a star. 
Then we have (we freely change between the gauge theory notation and CFT notation: Q ^ e, 
b 61 , b ^ yy 62 ) 

contribution from ^ |C*'°^(A)| 

contribution from 62 : 0 ■ Cj°^(A) + 1 ■ C 2 ^\\) H-h (#rows(A) - 1) ■ C'|’rows(A)(A) 

contribution from ei : 0 ■ C|°^(A*) + 1 ■ C 2 °^(A*) H-h (#rows(A*) - l) • C'^rows(Aq(A*) 

Consequently, it is straightforward to conclude 

/2 oc - + aW) IC^^HA)! +e 2 n(°HA) + ein(°HV)l . (5.50) 

p LV2 / J 

^This formula appears in [80], but there are typos present. 
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Note that this equation holds for general p. Indeed from a preliminary analysis we found 
that this relation generalizes to arbitrary p by constructing the corresponding vacuum state. 
However it is not clear to us whether all excited states of sCS(l,p) can be described in terms 
of coloured Young tableaux. Here we will set 0 *-°^ = 0, since a global U{1) factor in the flavour 
group Gp of our GLSM is actually part of the gauge group. The matching between (5.49) and 
(5.50) has to be done modulo overall constants and possible linear combinations with lower 
rank Hamiltonians (in this case Ji, whose eigenvalue is given by |C'*^°^(A)|); the identihcation 

- =-{2/3 + 1) (5.51) 

does the job, ignoring terms proportional to Ji and multiplying by appropriate constants. 

We expect the J 2 spectrnm of to be given by N copies of (5.50), with the constraint 

that the snm of the parameters has to be zero. 

For the ILW case the spectrnm will be still given by (5.34), bnt the variables will de¬ 
pend on the Fayet-Iliopoulos parameters, as for the spinless case. 


To conclude, let us just write down the formulae for the norm of the ILWg eigenstates 
which can be obtained from (5.27). We saw that in the BO limit, eigenstates are labelled by 
colored partitions; we expect this to be trne also in the ILW case. By performing a semiclassical 
analysis of the partition fnnction aronnd a vacunm Acoi(^ we obtain 


-^col 

k,N,p 


p-l 


/p-1 kf, 


,-WefI,c 


i[{re)^' nn 




(b) 

S 


<b). 


b=0 


LJ-J-J-zO TT^b-l ipf'pib) 

.=0s=lGb[^s )llt=i , 


Det 




eff 




(5.52) 

where we chose an ordering for the saddle points in order to eliminate the factorials; here the 
E’s are the solutions corresponding to the vacnnm Acoi(^- The expression for the norm of the 
state |Acoi(^) is then 




1 

(Acoi(^|A col («)> 


tf''' Ui f (si‘> - ++) [" r^-d+d+> j 

(5.53) 


5.4 The Dp-type. ALE space: comments 

ALE spaces of type Dp {p ^ 4) correspond to gange theories living on the space C^/F with 
F = BD 4 (^p_ 2 ) binary dihedral gronp. This discrete gronp has the presentation 

{ 9 , T I =T* = 1 , gP-‘^ = TgT~^ = g~^) (5.54) 
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and order 4{p — 2). A possible realization is given by 


9 = 


q; 0 \ 
0 a-^ ) 



(5.55) 


with a a primitive 2(p — 2)-th root of nnity. As for the Ap_i case, the ADHM-like constrnc- 
tion of the instanton modnli space is associated to an affine qniver, which in this case is Dp. 
The qniver data are contained in the vectors k = ..., and 

N = pp{i)^ _ _ _ ^ Ar(^)), with k^^'> affine node. In the following we will 

only consider the case + ... + = 1; by [9] this choice 

hxes N = (1, 0,..., 0) and k = {k, k, 2k ,..., 2k, k, k). 


The associated GLSM on S"^ for this choice of vectors is a theory with gange gronp G = 
U{kY X U{2ky~^, flavonr gronp Gp = U{l)a x U{lY and matter content 



Xb 

Bb,b+i 

Bb,b-i 

/ 

J 

gauge G 

AdY^^ 

(kW^k(^+i)) 

(k^'\k('’-i)) 

k(0) 

k""' 

flavor Gp 


1 ( 1 , 0 ) 

1 ( 0 , 1 ) 

^^( 1 / 2 , 1 / 2 ) 

nSvL/.) 

twisted mass 

e = Cl + 62 

~6i 

-62 

-a - f 

a- 1 

R-charge 

2 

0 

0 

0 

0 


Here b is an index rnnning over O, A,l,... ,p — 3, B,G and = 1. The snperpotential of 
the theory is given by 


hh —Tro[xo{Bo,iBi,o + BJ)] + TrA[xA{BA,iBi^A)] 

+ Tri[xi(i?i 2 ^ 2,1 ~ Bi oBqa ~ Bi aBaa)] 

p—4 

+ Trb[xb(i?fe 6+iHfe+i fe — Hfe (5.56) 

b=2 

+ Trp_3[Xp_3( —i?p_3^p_4i?p_4^p_3 + Bp_^bBbp_^ + Bp_^cBc,p-Yl\ 

+ Bvb[xb{—Bb,p-2.Bp-2.,b)] + Trc[xc(—-Bc,p-3-Bp-3,c)] 

for p ^ 5, while in the special case p = 4 it rednces to 


hh —Tro[xo(-Bo,i-Bi,o + IJ)] + a[xa{B aaBi^a)] + Bib[xb{—Bb,iBib)] 

+ Trc'[xc'(“-Bc',i-Bi,c)] + Bii[xi{Bi^bBba + Bi^Bca — BifiBoA — Bi^aBaa)] 


(5.57) 


This last case is symmetric under exchange of A,B, G, as expected from the associated quiver. 
With these choices for the snperpotential, the moduli space of classical supersymmetric vacua 
of our GLSM in the Higgs branch coincides with the moduli space of k instantons for a U{1) 
theory on /BDi(^p_ 2 ). 
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Figure 2: The affine Dp Dynkin diagram, in the case p = 7. 


We can now compute the partition function on 3“^ for this quiver theory; this will give us 
information about the quantum cohomology of these ALE spaces. Dehning as 

usual, the partition function reads 


7^^ — 

^k,l,p — 


{k\)^{2k\)P- 


Y. n n 

mGZ J=0,A,B^C 5=1 


d{ras 


(J). p-3 2k 


nn 

1=1 S=1 


d{ra7 


^c\ -^g,ad -^bf 


where the various pieces in the integrand are given by 


p—3 2k 


Zc,=nn 


(/) I rrSj^ ■ (J) "rrSj^ 

iral - % — _^FCrs ^-§— 

Zt Zt 


n n 

J=0,A,B,C 5=1 


(J) , • (J) 

tral % — ’ - % — 

Zi Z 1 


p—3 2k 


z,M=u n ^'( 4 ^)'+ 


7=1 5 < 1=1 


4 


n n 


J=0,A,B,C s<t=l 


4 


p—3 2k 

nn 


r(l — ira^J — — ire) 


n n 


r(l — ira^J — — ire) 


i=is,t=i T{iragJ - ^ + ire) j=o,a,b,c s,t=i T{irag)^ - ^ + ire) 


^f ,af - 


T{—irai^^ — + ira + ir^) T{irai^^ + — ira + 7r|) 

"'ll _l_ /» Pis nr‘ rt . fiv 11 _L_ Pis ti nr‘ rt . /» <r‘ 


(5.58) 


(5.59) 


(5.60) 


s=i r(l + iral ^ - iraj - ir^) r(l - iras ^ ^ — h iraj - ir0 

7 -ff TT ~ ”""’2 +^rD) + """’2 + ^^^ 2 ) 

“ “ 7=1 s,k r(l + ^ - 7re0 r(l - ^ - 7re,) 

TT TT n r(7rai^/^ + + ires) 

j=o,A 5 = 1 7=1 r(l + ira^^i ^ -- irei) r(l — ira^^^ ^ H —^ - ire 2 ) 

k 2k ■ (J,p-3) , • \ -p/- (J,p-3) , , • \ 

n TT TT r(-7ra^^/-^— + trei) T{tral/ + — + ^res) 

j=B,c s=i t=i r{l + ira s'! f -- irei) r(l — - ire 2 ) 

Here we used the compact notation = a^P — a^^ and aP = aP — aP . 


(5.61) 


(5.62) 
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Again, as explained in the previous Sections, the small radius limit r —)■ 0 produces a contour 
integral representation for the instanton part of Nekrasov partition function at hxed k. In this 
case, we obtain 


/vinst 

^k,l 


^2k{p-l) 


.P 


n 


J (j) P-3 2fc , (I) 

n n^nnl:- 

J=0,A,B,Cs=l 1=1 s=l 

_ p—3 2k 


nn ( d ?)( d ?-^ 


LJ. / (O) £\/ (O) , e\ J.J. J.J. 

- a - 2 )(-a^ ' + a - 2 ) /=i ,,t=i 

k p—4 2k 


n n(A,>)(dt-)nn 


7=1 s,t=l 


(1+^,1) 




(i+hi) 


£ 2 ) 


k 2k 


J=0,A,B,C s,t=l 
s^t 

2k k 

n nn 

J=0,As=l t=l ^iJl ^s,t ^2) J=B,C s=l t=l \^s,t 


dl,J) 


n nn 


d^,P-3) 


d^,P-3) 


£ 2 ) 

(5.63) 


which coincides with the expression of [62]. The factorials have been omitted, since they are 
cancelled by the possible orderings of the integration variables. 


Equivariant quantum cohomology 


For r hnite, the partition function computes the equivariant quantum cohomology of the moduli 
space of U{1) instantons on the Dp ALE space, i.e. of the i?Zi) 4 (p_ 2 )-Hilbert scheme of k points. 
In particular, after factorizing (5.58) as 


7^' - 


{k\Y{2D)p 


-3 


n n 

J=0,A,B,C s=l 


d{r\ 


2m 


(J)-^ P 3 2k 

nn o,- ^ii^v^av (5.64) 


7=1 s=l 


2m 
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Zl, = 


r(l 


\ V{ire) ^ 

p-3 2k 2k 

n 11 fi*'^^ 

1=1 s=l t^s 




;:- \-r\l 


1 = 1 S = 1 


J=0,A,B,C s=l 


r( j=o,A,B,C s=l tjls 


^ r(l + rAy - ire) 
T{—rX['^^ + ire) 


rf fr r(rAi;,+^’^^ + tre,) 

y r(l - rAi;+'’") - tre,) r(l + - ire^) 

TT TT A r(rAiy^ + irei) Tj-rX^^/'^ + ire 2 ) 
j=o,As=i t=i r(l - rXiy^ - irei) r(l + rXi]y - ires) 

TT A r(rAi;^’^~^^ + irei) r(-rAij^~^^ + ires) 

Mat\ fJ r(l - rXif-^^ - zre,) r(l + rAg^-^^ - *res) 

A r(rAi*^A ira + ir|) r(—rAi*^^ — ira + ir|) 

r(l — rXy — ira — ir^) r(l + rX^ + ira — ir^) 


(5.65) 


p—3 2k 

,(0) T-I- T-I- ,(/) 


= E n(-ir-nn 4 - n m' 

|f|gis^.s=l 7=1 s=l J=0,A,B,C s=l 

p-3 2k j{i) ^(7) (1 + rXy - ire) (I) ^ (1 + rX^ - ire) (j) 

TT TT ''t,s ' '^t,s ^ _ 2 !_TT TT_2^___A£___1__ 

1=1 s<t j=o,A,B,c s<t ire)^^) 

p —4 2k 2k ^ 

^ ^ (1 — rA “ '^^£ 1 ) iB+iJ) (1 + rA- '^'^<^ 2 ) iBJ+i) 

‘s,t H,s 

2k k ^ ^ 

J=0,As=l t=l (1 ~ ^ ~ i^^l)iA,J) (1 + ^ ~ i^^2)i(J,A 


(!-■'"yy - irei)^(j,p-3) (1 + r Xi^ - ires);(p-3,j) 

A (-tAA - ira + irf) (o) 

I - ±Js - 

s=i (1 - - 'i'f'ct - ir|),(o) 


(5.66) 


54 



p—3 2k 

1,(0) -n- -n- Ai) 


= zni-ir-nn^?- n n 


_AJ) 

Zj 


{fc}eN 


S=1 


/=1 s=l .J=0,A,Bfi s=l 


^ ^(i) _ ^x(i) (1 + r Ai5 - *re) (.) ^ (1 + - tre)^,jj 

nn ’ wn ’ . wn,.. n n 


-rXYJ {rXl'J+ire)^(i) j=oXB,ct<t {rK'J + ire)j^(j) 

p—4 2k 2k ^ ^ 

nnn 


XJ) 


t=i f='i f=i (1 - - irei) (1+1,1) (1 + - ires);, (i.i+d 

'^s,t '^t,s 

2k k ^ ^ 


n nn 


J=0,As=l t=l (1 ^ (1 + "* i^^2)^{J,A 

’ '^S,t ^t,S 

k 2k ^ 




jJJcS 0 (1 ~ ~ i'r^i)^(j,v-i) (1 + ~ i^^2)^{p-3,J) 

(-rA^ - ira + ir|)j,(o) 


A^,p-3) 


LI (1 — tAF^ — ira — ir^)f^(o) 


(5.67) 


we can identify with Givental’s X-function for our target space. 

Explicit evaluation of the Gromov-Witten prepotential requires the analysis of the pole 
structure of our partition function; we leave this complicated combinatorial problem for future 
work. For the case k = 1, we expect the result to only depend on the Dp algebra data [79], 
similarly to what we discussed in subsection 5.2. Nevertheless, an analysis of the simplest cases 
gives (1 + zqZaYYiZI zjzBZcY'^^'^ as the equivariant mirror map, again in agreement with [76]. 
We therefore expect also the equivariant mirror map for the E-type ALE spaces to depend only 
on the dual Dynkin label of the affine Dynkin diagram for the corresponding algebra. 

As far as the orbifold phase is concerned, by reversing the sign of all Fayet-Iliopoulos pa¬ 
rameters one obtains the same phase due to the symmetry of ADHM constraints; the orbifold 
phase is then reached by analytic continuation on the product of circles \zh\ = 1. This provides 
conjectural formulae for the equivariant X and 77 functions of the Hilbert scheme of points of 
Dp singularities that will have to be checked against rigorous mathematical results. Similar 
conjectures are valid for the Ap_i singularities discussed in previous subsections. 

As a hnal comment, let us remark that in the case of ALE spaces of type D and E only a 
diagonal combination of U (l)^^ x U ( 1)^2 is preserved: for the D case, this is due to the action of 
the generator r in (5.54). This corresponds to set ei = 62 in the Gromov-Witten prepotential 
if one wants to compute the correct equivariant quantum cohomology of the ALE space. 
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Quantum hydrodynamics 


As familiar by now, the mirror LG model in the Coulomb branch can be recovered by taking 
the large radius limit r —)■ cx) of (5.58). We obtain 

|2 


52 _ 

^k,l^p 


'p-i) 


n n 

J=0,A,B,C s=l 


d(rS 


ik\p{2k\)P-^ 

Here the integration measure is given by 


2n 


(J)x P-3 2k 

nn 


d(rS 


(L^ 


1 = 0 s=i 


271 


.(S)e 


->Veff(S) 


urJiUZ^sm 




(I) 


t^s 




J=0,A,B,C 




(J) 


nhi<2(Ei°’)nGn“inSif’(s 

1 


(^+1) 




H)^ 


n.=o,.4 1 nr=i - sro Uj=b,c n:=i n“i f{j: 


hi) 




T2k 


dJ) 


dp-3)^ 


(5.68) 


(5.69) 


with 


B(Ei'>-Ej'>) = r"(El'l-Ej'>)(El'l-Ej'' + e) 

P0M, _ 2(/)) _ ,.2(s('+i) - S<'' - £,)(Ei'+« - S*'' +€ 2 ) 

Q(Sf>) = r (e< 0) - a<0) - 0 (EiOl - alOl + 

The twisted effective superpotential has the form 

p—3 2k k 

Wefr(S) = 27r EE irtiH^p + 27r E E irtjT.P 

I=l s=l J=0,A,B,C s=l 

k 

+ ^ [a;(frSf) — — irp + u{—irJ]p'^ + — ir-)j 

S=1 

p—3 2k 

+ EE[ u{irTjP — irUP) + ujQrYiP — irT^P + fre)j 

1=1 S^t^S 

k 

+ ^ ^ |^a;(frS^'^^ — irPp) + a;(frS^'^^ — irTp'^ + ire) 

J=0,A,B,C s,t^s 
p—4 2k 2k 

+ EEEH — irSj'^^ — irei) + a;(—+ irPp — ire 2 )j 

7=1 s=l t=l 
2k k 

+ E EE[ a;(irS^^^ — irPp — irei) + a;(—irE^^^ + irPp — ire 2 )j 

J=0,A s=l t=l ^ 
k 2k 

+ ^ ^ ^ |^a;(irS^'^^ — — irei) + a;(—irS^"^^ + irS^^”^^ — ire 2 ) 

J=B,C s=l t=l 


(5.70) 


(5.71) 
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From (5.71) we recover a set of Bethe Ansatz Equations, which can be written as 


Nb 

n 




(b) 

a]’ 


n n 


L J. __-y{b) , {b) _ 

=1 ~T a, 2 c t=l 

(c,t)^(b,s') 


Y^(b) ^(c) I f~tT 

+ ^bc _ ^-2ntb 


S® _ ^ 


(C) 


be 


(5.72) 


Here c = O, A,l,... ,p — 3, B,C, while N = (1,0,..., 0) and k = {k, k, , 2k,..., 2k, k, k) as 
discusses earlier. The matrix 


C 


be — 


e 0 —ei 0 0 ■ ■ ■ 0 

0 e —ei 0 ‘ •. ’ •. 0 

— 62 —62 6 —ei ■ . ■ . 0 

0 0 —62 6 —61 ’ •. 0 

0 0 ■. —62 6 —61 —61 


: : ' ■ ■ 0 —€2 € 0 

0 0 ■ ■ ■ 0 —62 0 6 


(5.73) 


is again the adjacency matrix of the quiver graph, and reduces to the Cartan matrix of the 
affine Dp algebra for ei = 62 . We expect (5.72) to be related to a quantum hydrodynamical 
integrable system, a sort of Hp-type generalization of ILW. Solutions to (5.72) will correspond 
to eigenvalues of the QIS; expressions for the norm of the eigenstates can be obtained by 
performing a semiclassical approximation of the partition function around the corresponding 
vacua, as we already discussed in the previous Sections. 


6 Acknowledgments 

We thank D.E. Diaconescu, N. Nekrasov and V. Roubtsov for discussions. This research was 
partly supported by the INFN Research Projects CAST and ST&FI and by PRIN “Geometria 
delle varieta algebriche”. 


A Appendix A 

In this Appendix we will give some more explicit computations of the Kahler potential for the 
instanton moduli space We will skip all the intermediate computations and provide 

only the basic ingredients: the relevant poles of the partition function, the equivariant mirror 
map, the normalization of the 1 -loop factor, and the hnal result. 
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The N = 1, k = 2 case 


When N = 1 but k ^ 2 there no longer is a general expression for the Gromov-Witten prepo¬ 
tential in terms of the Cartan matrix and positive roots of the algebra Ap^i. We will make good 
use of our partition function and compute the prepotential in the simplest cases; certainly this 
procedure can be pursued further, the only difficulty being an integral which becomes more and 
more complicated. We notice that for k ^ 2 also In zq enters in the prepotential, thus making 
impossible a description of the quantum cohomology purely in terms of Ap_i algebra data. The 
results of this case should be compared with [76]. 

• Case p = 2 


Poles: 

— iei 

= A[°^ — 3iei 
A^^^ = A[°^ — iei 

= A® - ie2 
A^^^ = a[°^ — iei 
A^'^^ = a[°^ — iei — i^2 
A^^^ = A® — iei 

Af = A® - 2.e2 
^2^^ = A[°^ — 3ie2 


Zv —)■ (1 -|- , Zav —)■ (1 -|- ZoZiY^^"" (A.l) 

Normalization of the 1-loop factor: 

^11 (A.2) 

\r(l -F ire) J 
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0 

1 




= -iaf 

\P = \f-2ie, , 

A® = — i| , 


A® = Ar - 2*ei 

A® = — i| 

= aS°^ - ie2 , 
A® = -laf 


( 0 ) 


*2 


= Ar - ^62 , 

A® = —ia^°^ — i| 
A® = A® - 2.e2 


Equivariant mirror map: 
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Partition function: 


75^,norm 
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*2^ ( ~ In^(^o^o) - I ln^(2:o^o) ln(2:i^i) 


j ln(^o2:o) In^(^i^i) - ^ ln^(2:i2:i) + 7C(3) 
4 0 
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-^ 2 , 1,2 — 


^ 1„3 ^ 1 1„2 ^ ^ 1 1„ ^ 1„2 ^ 1 1„3 
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Case p = 3 


Poles: 
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0 12 


A® = —iaf^ — i| , A^^^ = A^°^ — iei , A^^^ = a[°^ — 2iei 
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Equivariant mirror map: 
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Normalization of the 1-loop factor: 

\r(l 4 - ire) 

Partition fnnction: 


(A.5) 


(A.6) 


yS^^norm. _ 

^2,1,3 ~ 


+ 


ISefe^ 3eie2 \ 4 


- In {zqZo) + - In^ZoZo) \n{ziZi) + - \n{zoZo) \r).{z 2 Z 2 ) 


5 7 7 

-F - ln( 2 ;i^i) ln( 2 ; 2 ^ 2 ) + 777 ln^( 2 :i^i) -h — ln^(2:272) 
b 1/ 1/ 


36162 
56i -|- 762 

I2 


76i -|- II 62 
36 


ln^(2;i2;i) 


ll6i -h 762 ,3/ ^ 


36 


In-^ ( 2 : 22 : 2 ) 


ln^(2:i2:i) ln(2:22:2) - ln(2:i2:i) ln^(2:22:2) 


~ *3^ |^9C(3) - ^ ln^(2:o2:o) - ^ ln^(2:o2:o) ln(2:i2:i) - ^ ln(2:o2:o) ln^(2:i^i) 

111 

- - ln^(2:o^o) ln(2:2^2) - | ln(2:o7o) ^^( 2 : 2 ^ 2 ) - ^ ln(2:o^o) ln(2:i^i) ln(2:2^2) 

+ 2(Li3(^i) -|- Li3(2:2) -|- Li3(^iZ2) + Li3(^o^i^2)) 

+ 2(Li3(2:i) -|- Li3(^2) + Li3(^i^2) + Li3(^o^i2:2)) 

- ln(2:i^i)(Li2(2:i) -h Li2(^i)) - ln(2:2^2)(Li2(2:2) + Li2(^2)) 

- ln(^i2:2^i^2)(Li2( 2 : 12 : 2 ) -h Li2(^l^2)) 

- ln(2:o2:i2:2^o^i^2)(Li2( 2 : 02 : 12 : 2 ) -h Li2(^o^i^2))^ 


(A.7) 
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Prepotential (after ei —)■ iei, 62 —)■ * 62 ): 


r. 1 I/I 12 111 111 

Fo 13 —- — - I ~ “ 1 “ ~ In Zi “h “ In Zc\ In Zo 

’ ISefel 36162 \4: 0 2 1 2 “ " 

5, , 7,0 7,2 

+ - In 2:1 In 2:2 H-In Zi-\ -In 2:2 

6 12 12 


1 / 761 + 1162^^3 + 762 ^^ 3 ^^ 


36162 \ 36 


36 


56 i + 762 , 2 1 ,761 + 562 , , 2 


12 

6^1 


In zi In Z 2 + 


12 


In zi In Z 2 


Zo + \ In^ Zo \nzi + \ In zq In^ 2:1 
36162 \ 12 4 4 


(A.8) 


1 2 1 2 1 

- In Zo In 2:2 — - In zq In 2:2 — - In Zo In Zi In Z 2 


36162 


(113(2:1) + 113(2:2) + 113(2:12:2) + 113(2:0^12:2)) 


The N = 2 sector, p = 2 


Let us now focus on p = 2. Consider the case in which N = (iVo,iVi) is required to sat¬ 
isfy TVq + iVi = 2; the construction in [9] then forces us to the two possibilities N = (0,2), 
k = {k — 1, k) OT N = (2,0), k = {k,k), corresponding respectively to fractional or integral 
instanton number yye q^u compute the Gromov-Witten prepotential for small values of 

k as we did for in the previous examples, the main difference being the absence of equivariant 
mirror map; let us present here the hnal results. 


• Case N = (0, 2), k = (0,1) 


Poles: 


((•,•), (ffl,«)) 
((•,•),(•,B)) 



A^^^ = —m2^^ — 


Normalization of the 1-loop factor: 


Zi\ —)■ (^ 1 ^ 1 ) 




P(1 - ire) 
P(l + ir6) 


(A.9) 
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Partition function: 


ryS^,norm _ 2 ^ 2 ( — \ 

^(0,1),(0,2).2 - (^(1) _ _ ,2 - 4 '^ 


+ ie |^ 4 C( 3 ) - In (^12:1) + 2(Li3(2:i) + ^3(2:1)) - ln(2i2i)(Li2(2i) + Li2(2i))J 

(A.IO) 


Prepotential (after ei —)■ fei, 62 —)■ fe2, —)■ ia^i \ —)■ 


"(0,1),(0,2),2 


^ 1„2 „ I ^ 


32 - (aS^^ - 4 


- - In 2i + — In zi + eLisizi) 


(A.ll) 


Case N = (2, 0), k = (1,1) 


Poles: 


((02, •), (•,•)) 


((•, 02 ), (•,•)) 


’ 0 ) ’ (•’ 


Ar = 
Ar = 

A® = 
A® = 


. (0) . e 

—zal — 

. (0) . e 

—zal — 

• (0) • e 

—*02 — *2 


—*02 — *2 


, A^^^ = Ai°^ - *ei 
, A^^^ = - *62 

, A^^^ = A^^ - *61 

, aS^^ = \ - *62 


Normalization of the 1 -loop factor: 


• 224 “^ /P(l -*r6)A" 

^ {wzJ)) 2-' 


(A. 12 ) 
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Partition function: 


i^S^,norm 
^( 1 . 1 ),( 2 , 0),2 


2t.£2 _ („(») _ aiy-j 

+ Q 111 ^( 2020 ) + ^ln(202ci)lll(2i2i) + tlll^(2i2i) 


2(e2-(a(»l-4»>)2 


In (zizi) 


~ ^ 2^2 ( ~ ^ ^ In^(^o^o) In(^i^i) 


I ln(2:o2:o) \v?{ziZi) - ^ \v?{zxZi) + 4C(3) 

2(Li3(zo^i) + Li3(zo^i)) - ln(2;o2;i^o^i)(Li2(2:o2:i) + Li2(2o^i)) 


7~m “ 12 + 2(Li3(zi) + Li3(zi)) 


6 ( CL-\ do 


ln(2;i2;i)(Li2(^i) + Li2(2;i)) 


Prepotential (after ei —)■ ici, 62 —)■ ie 2 , —)■ iaf\ —>■ 


(A.13) 


F, 


1 2 1 /I 2 1, , 1,2 

(1,1),(2,0).2 = -7--7-^ - 7^- 7 In Zo + 7 In 2:0 In 2:1 + - In 

26162 ('^2 _ (^(0) _ ^(0))2j 26162 V4 2 4 


2 (£2 - (of - 4"7) 


In^ ^1 


+ ^ ^ ^ Li3(2;o2;i) 


26 


(0) J0).2\ \ 12 


6^ — — 02 


— In^ 2(1 + Li3(2;i) 


(A.14) 
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